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Abstract. We study the ^-determinant of global boundary problems of APS- 
type through a general theory for relative spectral invariants. In particular, we 
compute the ^-determinant for Dirac-Laplacian boundary problems in terms of a 
scattering Fredholm determinant over the boundary. 
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1. Introduction 

The purpose of this paper is to study the (^-function regularized determinant for 
the Dirac Laplacian of an Atiyah-Patodi-Singer (APS)-type boundary problem. We 
do so within a general framework for studying relative global spectral invariants 
on manifolds with boundary. Despite the primacy of the determinant of the Dirac 
Laplacian over closed manifolds, relatively little has been known in the case of global 
boundary problems of APS-type. Geometric index theory of such boundary value 
problems began with the index formula [^ 

viVy) -hdimKer(X)y) 



:i.l) ind(Dn>)= [ uj{D) 

Jx 
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Here D : C'^{X,E^) — > C^{X,E'^) is a first-order elliptic differential operator of 
Dirac-type acting over a compact manifold X with boundary dX = Y. Near the 
boundary D is assumed to act in the tangential direction via a first-order self-adjoint 
elliptic operator Vy over Y. A boundary problem Db = D is defined by restricting 
the domain of D to those sections whose boundary values lie in the kernel of a 
suitable order zero pseudodifferential operator B on the space of boundary fields. 
APS-type boundary problems refer to the case where B is, in a suitable sense, 
'comparable' to the projection n> onto the eigenspaces of Vy with non-negative 
eigenvalue. The other ingredients in (jl.lll are the index density ui{D) restricted 
from the closed double, and the eta-invariant rjlVy), defined as the meromorphically 
continued value at s = of rjiVy, s) = Tr {Vy\Vy\~^~^). 

A striking consequence of (jl.lj) is that, in contrast to the case of closed manifolds, 
the index of APS-type boundary problems is not a homotopy invariant. If, how- 
ever, we restrict the class of boundary conditions to a suitable classifying space for 
even K-theory, then the index does become a homotopy invariant of the boundary 
condition. An appropriate parameter space is a restricted Grassmannian Gr{D) of 
pseudodifferential operator (ipdo) projections P on the L^ boundary fields which 
are comparable to n>. Such a Grassmannian has homotopy type Z x BU and its 
connected components Gr^^\D) are labeled by the index r = md{Dp). One moves 
between the different components according to the relative-index formula 

(1.2) ind(DpJ-ind(DpJ = ind(P2,Pi) , 

where (P2,-Pi) := Pi ° P2 '■ ran (P2) — ^ ran (Pi) acts between the ranges of the 
projections Pi,P2 G Gr{D). 

The identity (jl.2|) depends on two decisive properties of global boundary problems 
over Gr{D). The first is analytic: the restriction to the boundary of the infinite- 
dimensional solution space Ker(Z}), to the subspace H{D) := Ker(D)|y of boundary 
sections, is a continuous bijection, with canonical left inverse defined by the Poisson 
operator of D. The resulting isomorphism between the finite-dimensional kernel of 
Dp and the kernel of the boundary operator S{P) = P o P{D) : H{D) —>■ ran (P), 
where P{D) is the Calderon projection, and similarly, between the kernels of the 
adjoint operators, means that 

(1.3) ind(P)p) =ind(5(P)) . 

The second property is geometric: Gr{D) is a homogeneous manifold, acted on 
transitively by an infinite-dimensional restricted general linear group on the space 
of boundary fields, resulting in the identity ind (Pi, P2) -|- ind (P2, P3) = ind (Pi, P3) 
for any Pi,P2,P3 G Gr{D). Then (HD) follows trivially from (IO|l . 

Although the relative index formula is quite classical, these two properties resonate 
more powerfully when one turns to the harder problem of computing for APS- 
type boundary problems the spectral and differential geometric invariants familiar 
from closed manifolds. A precise understanding of these invariants is crucial for a 
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direct approach to a geometric index theory of global boundary problems of APS- 
type parallel to that for closed manifolds |21EI- An important but rather different 
perspective is provided by the 6-calculus developed by Melrose jT3. 

One spectral invariant that certainly is well understood is the ?7-invariant ri{Dp) 
for self-adjoint global boundary problems over odd- dimensional manifolds. As a 
result of its semi-local character the r^-invariant obeys a strikingly simple (to state) 
additivity property with respect to a partition of a closed manifold CH EOl IHl] • In 
this case the homogeneous structure of the 'self-adjoint' Grassmannian takes a much 
simpler form: the range of any such P occurs as the graph of a unitary isomorphism 
T : F~^ —>■ F~ , where F^ denote the spaces of boundary chiral spinor fields [21] . 

The next invariant in the spectral hierarchy remains far more mysterious. The 
spectral (^-function of the Laplacian boundary problem Ap = (Dp)* Dp is defined 
for Re(s) >> by the operator trace 

C(Ap,s) = Tr(A/), 

where we assume that Dp is invertible. Recent results of Grubb, following earlier 
joint work with Seeley PSIEIE], show that for P in the 'smooth' Grassmannian 
Groo{D) (see §3), C{Ap, s) has a meromorphic continuation to C which is regular at 
s = 0. This means there is a well-defined regularized ^-determinant of the Laplacian 

(1.4) detc(Ap) = exp ( --^ ({Ap, s] 

\ as|s=o 

Owing to its highly non-local nature det^(Ap) is a hopelessly difficult invariant 
to compute. There is, on the other hand, a quite different but also completely 
canonical regularization of the determinant of Ap as the Fredholm determinant of 
the boundary 'Laplacian' 

S{PyS{P) : H{D) — > H{D) . 

The Fredholm determinant detp is defined for operators on a Hilbert space differ- 
ing from the identity by an operator of trace class and is the natural extension to 
infinite-dimensional spaces of the usual determinant in finite dimensions. Its ana- 
lytical status, however, is essentially opposite to that of ()1.4|) . More precisely, the 
^-determinant is not an extension of the Fredholm determinant — operators with 
Fredholm determinants do not have ^-determinants, operators with (^-determinants 
do not have Fredholm determinants^. A more subtle fact is nevertheless true: the 
relative ^-determinant is a true extension of the Fredholm determinant. Here a 
relative regularized determinant means a regularization of the ratio det Ai/det y42 
for 'comparable' operators Ai,A2 (see §2). Thus, any pair of determinant class (= 
Id + Trace Class) operators have a well-defined relative (^-determinant. Moreover, 
there is a, roughly converse, 'relativity principle for determinants' which states that 



We consider here infinite-dimensional Hilbert spaces. 
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ratios of (^-determinants for certain preferred classes of unbounded operators can be 
written canonically in terms of Fredholm determinants. 

Applied to global boundary problems the relativity principle for determinants is 
a restatement of the fact that in order to define a topologically meaningful Grass- 
mannian one must do so relative to a basepoint projection. (Dimension one is an 
exception since we are reduced in this case to the usual finite-dimensional Grass- 
mannian, no basepoint is needed and for this reason explicit formulas for the (- 
determinant of ordinary differential operators are possible. See §5.) This is familiar 
in physics in the quantization of Fermions where the basepoint corresponds to the 
Dirac sea splitting into positive and negative energy modes (the APS splitting). The 
application to the determinant is a well known, if imprecise, idea in physics folklore 
used extensively in defining path integrals in QFT and String Theory. 

In §2 we prove a precise formulation of the relativity principle for determinants 
adequate for our purposes here. The main result in this paper is Theorem A in 
the following table. The table summarizes relative formulas for the key spectral 
invariants. 



Invariant 


Relative Formula 


Index 

Eta-invariant: Odd-dimensions 

Zeta-determinant: Odd-dimensions 
Laplacian Zeta-determinant 


ind (DpJ - ind (L>pJ = ind (Pa, Pi) 
r]{Dp„0)-r]{Dp„0) = MogdetF{T,-'T^) 

det^Dp^ _ dctp{^{I+T-^K)) 
det<;Dp2 dctp(^{I+T-''K)) 

±neoiem a. dgt^(^^^) detp(s(P2)*S{P2)) 



The third formula in the table is Theorem (0.1) of |2H] for self-adjoint global 
boundary problems Dp^ , Dp^ over a compact odd-dimensional manifold. The opera- 
tors Ti,K : F^ —>■ F^ are the boundary unitary isomorphisms discussed earlier, with 
H{D) = graph(i^). Because, in this case, the 77-invariant is essentially the phase 
of the determinant, the second formula, which holds mod 2Z, is an easy corollary 
when the operators are invertible |1^. Theorem A holds for general Dirac-type 
operators and in all dimensions. Notice, furthermore, that it is stated invariantly, 
independently of the choice of 'coordinates' Tj — in §3.4 we explain how the sec- 
ond and third formulas in the table are derived from the invariant general formulas 
proved in §2 for the relative r^-invariant and (^-determinant. 

The relative determinant formulas in the table encode a certain spectral duality 
between the rapidly diverging eigenvalues of the global boundary problems and the 
eigenvalues of the boundary Laplacians, which converge rapidly to 1. The point 
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being that, for comparable global boundary problems, taking quotients produces 
arithmetically similar behaviour. 

This extends to a differential geometric duality between smooth families of global 
boundary problems (D, P) = {Dp \ b G B} parameterized by a manifold B and the 
corresponding family of boundary operators S(P) = {S{Pb) = Pb o P{D^) \ h G B}. 
Each family has an associated index bundle and determinant line bundle. Geo- 
metrically the regularized determinants det^Ap and (leiF{S{P)*S{P)) define the 
so-called Quillen metric |21 E! and canonical metric [2S] on the respective determi- 
nant line bundles. For example, if D is held fixed and P allowed to vary in the 
parameter manifold B = Gr^oiD) the canonical metric is just the 'Fubini-Study' 
metric of [22j over the restricted Grassmannian. From this view point. Theorem 
A expresses the relative equahty of these metrics with respect to the obvious de- 
terminant line bundle isomorphism DET (©, P) = DET (S(P)). The following table 
lists relative geometric index theory formulas for families of APS-type boundary 
problems: 



Invariant 


Relative Formula 


Index bundle 


Ind (D, Pi) - Ind (©, Pa) = Ind (P2, Pi) 


Determinant line bundle 


DET (D, Pi) ® DET (©, P2)* = DET (P2, Pi) 


Zeta curvature 


iii "'2 ~~ 1 "'2 



The relative index bundle formula is taking place in K^{B). For a functional 
analytic proof see |B]. The determinant line bundle isomorphism is explained in 
^^, where, essentially, the definition is given of the canonical curvature form Q*^ on 
DET (§(P)). For the construction of the ^-connection on DET (©, P) with curvature 
form Q^ and proofs of all three identities, see |27j . 

Notice that by setting P2 = P{D), the relative formulas in the tables may be 
re-expressed as an interior term and a boundary correction term. 

There is an essentially immediate application of the methods here to non-compact 
manifolds. For a closely related detailed study of the Laplacian we refer to the 
seminal paper of MuUer J2I] . For an account of how determinants of global boundary 
problems fit into the framework of TQFT we refer to JH]- The results of this paper 
were announced in 



The paper is organized as follows. 

In §2 we prove a precise form of the relativity principle for determinants using 
regularized limits of Fredholm scattering determinants fTheorem l2.5|) . In §2.1 we ex- 
plain how this is related to the heat operator regularization of the determinant — the 
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more usual scenario for studying scattering determinants. The relative eta invariant 
for comparable self-adjoint operators requires a somewhat different treatment. In 
§2.2 we prove a general formula for the relative eta invariant as the difference of 
two scattering determinant limits. §2.3 is concerned with a general multiplicativity 
property for the zeta determinant. 

In §3 we first review some analytic facts about first-order global boundary prob- 
lems which will be needed as we proceed. We explain how the scattering determinant 
arises canonically in terms of natural isomorphisms between the various determinant 
lines. In Theorem 13. 131 we prove an explicit formula for the relative zeta determinant 
of first-order global boundary problems. As an example, we use this formula to give 
a new derivation of Theorem (0.1) of |28j . 

In §4 we use Theorem 12.51 to prove a formula for the relative zeta determinant of 
the Dirac Laplacian in terms of an equivalent first-order system. Methods from §3 
then reduce this to the equality in Theorem A. 

In §5 we give a new proof using our methods of the results in ^3] for differential 
operators in dimension one. In this sense, the results of this paper may be regarded 
as the extension of [IH] to all dimensions. 

I thank Gerd Grubb for helpful conversations. 

2. Regularized Limits and the Relative Zeta Determinant 

Let Ai,A2 be invertible closed operators on a Hilbert space H with a common 
spectral cut Re = {re*^ | ^ > 0}, 9 & [0,27r). This supposes S, g > such that the 
resolvents {Ai — A)^^ are holomorphic in the sector 

(2.1) Ae = {z eC\ I arg(z) - 9\ < 5 or \z\ < g} 

and such that the operator norms \\{Ai — A)^^|| are 0(|A|^^) as A — i> oo in Ag. For 
Re(s) > one then has the complex powers first studied by Seeley |2iij 

(2.2) Ar^ = ^ [ X-^A-XyUX, 

^T^ Jc 

where 

(2.3) A"^ = lAI-^e-*^^'^^^^), 0-27i< arg(A) < 6 , 

is the branch of A""* defined by the spectral cut Rg, and C = C^ is the negatively 
oriented contour Cg^i U Cp^gfi^2n U Ce-2n,i, with 

(2.4) C^,i = {A = re''^ \ oo> r > p} , C^^^^^, = {pe''' \ <j> > O' > 0'} , 

C^^^ = {X = re'^ I p < r < oo} , 
and p < g. We assume there is a real a^ such that the operators 

d^{A,-X)~^ = m\{A-X)-^-^ 
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are trace class for m > —aQ, with asymptotic expansions as A — > oo in A^i 

oo 1 

(2.5) Tr (9r(A - A)-i) -Y.I1 4!i(^)-(-^)""^^" log'(-^) ' 

j=0 k=0 

where 0<m + ao<...<m + ajy +oo. Here, log = logg is the branch of the 
logarithm specified by ()2.3|) : changing 6 may change the coefficients ajl{m). Since 
X''~^d^~^{Ai — X)^^ ^ as A ^ oo along C for Re(s) > 0, we can integrate by parts 
in (jT^ to obtain 

'^■«) ^-' = (s-l).\(s-,ny rn L '"-' ^"'•^- - ^'" ''^ ■ 

From ()2.5|) and ()2.6|) . the operators A^"'' are trace class in the half-plane Re(s) > 
1 + m and we can define there the spectral zeta functions of Ai, A2 

0(Ai, s) = Tr A;', Re(s) > 1 + m . 

Substituting the asymptotic expansion ()2.5j) in 

yields the meromorphic continuation of Cel^i, s) to all of C with singularity structure 

00 1 ~(i) 

(2-8) -^c.(A, ^) ~ E E r ^ "\,.+i ' 

^ ^ i=o fc=0 ^ ' ■? ^ 

where, independently of m, 

(2.9) a« ^ /i.r(a,)r(a, + m)-'a%{m) , 

/ijt = (1 + z(0 — 71))'' and r(s) is the Gamma function (see [21], ^2] Prop 2.9, here 
generalized to arbitrary 6). 

Notation: In equation ()2.9|1 ^ indicates that 

r(Q;j)r(Q;j + m)~^a^*Q(m) /iir(aj)r(aj + m)^"'^a^*{(m) 
S + ttj — 1 (s + Ctj — 1)2 

gives the full pole structure at s = 1 — Oj . A function defined in the sector Ag has 
an asymptotic expansion 

00 1 

j=0 k=0 

as A ^ 00 with f3j /" +00, z/ > means that for any e > and A^ with /^a? > v^ 

N-\ 1 

/(^) = E E ^^A-y^r'' iog'(-^) + c(-^)"^ + odAr'^-^^) , 

j=0 fc=0 
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dj,k 



for A sufficiently large, while a function g on C has singularity structure 

oo 1 
j=Q k=0 

means that 

AT-l 1 , 

with /i^v holomorphic for 1 — 77V < Re(s) < A^ + 1. 

At any rate, ()2.8j) implies that the term with coefficient a,jl{m) in the resolvent 
trace expansion ()2.5|1 corresponds to a pole of g. 7 ^s ^elA, s) at s = 1 — a^ of order 
k + 1. In particular, since £l£iZI£2 = s + 0{s^) around s = 0, if 

(2.10) a5,^j = o = 4^j, aj = l, 
then ()2.8|) implies the Ce(^i) ■s) have no pole at s = and 

(2.11) O(A,0) = 4 = -^- 

The regularity at s = means we can define the ^-determinants 

det^,ey4i = e-^^(^^'°) , det^e^a = e'^^^^^'^) , 

where Ce = d/ds{C,e)- If (I2.1()j) holds we refer to each of Ai, A2 as C,- admissible. 
Thus, for example, elliptic V^dos of order d> Q over a closed manifold of dimension 
n are ^-admissible with a^\,{ni) locally determined, Uj = (j —n)/d, so J = n + d; for 

dijferential operators aj{{m) = (no log terms). In the following we do not assume 
that the operators Ai are (^-admissible unless explicitly stated. 

Definition 2.1. We refer to a pair {Ai, A2) of invertible closed operators on H with 
spectral cut Re as C,- comparable if for \ E Kq : 

(I) The relative resolvent {Ai — X)~^ — {A2 — X)~^ is trace class and 

(2.12) Tr ((Ai - \y^ - {A2 - A)-i) = -^logdetf^A . 

Here the 'scattering' operator Sx = 5a (^1, ^2) is an operator of the form Id + W\ 
on a Hilbert space TCx C H with W\ of trace class, so that S\ has a Fredholm 
determinant deti^SA := 1 + X]fc>i Tr (A*^Wa) taken on Hx. 

(II) There is an asymptotic expansion as A —* 00 

00 1 



(2.13) Tr((Ai-A)-i-(A2-A)-^)~5^5^6,,,(-A)-'^Mog'=(-A) + 6,,o(-A)-^ , 

j=o fc=0 

where < ao < . . . < aj y +cx) and aj = 1. 
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Remark 2.2. (1) IfTi := U\Hx forms a (trivializable) vector bundle, then the right- 
side of ()2.12j) can be written — Tr (S^^ d\Sx), where dx is a covariant derivative on 
Hom(?i, H) . There is a canonical choice for dx induced from the covariant derivative 
Va/aA = P{.^) ■ (d/dX) ■ -P(A) on Ti, with P{\) the projection on H with range Tix- 
(2) If an expansion fl2.13|l exists, then aj > since A]^^ — A2'^ is trace class. 

If Ai, A2 are C- comparable, then A^* — A^** is trace class for Re(s) > 1. Hence 
we define the relative spectral (-function by 

(2.14) Ce{Ai, A2, s) = Tr {A^^ - A^') , Re{s) > 1 . 
In view of ()2.12j) we have 

Ce{A,,A2,s) = ^ [ \~'TT{iA,-\)-'-iA2-\r')d\ 
2vr Jc 

(2.15) = --^ / X-' — logdetpSxdX. 

27r Jc oX 

(0{Ai,A2,s) thus extends holomorphically to Re(s) > 1 — ao while the asymptotic 
expansion ()2.13j) defines the meromorphic continuation to C with singularity struc- 
ture 

00 1 

(2.16) r{s)Co{A„A2,s)r^J2Yl 



bj,k , bjQ 

(s + a,- — 1)*= s 
j=o fc=0 ^ ' J ' 



where 

(2.17) bj,k = fikT{aj)-\,k, fej,o = fcj,o = Ce{Ai, A2, 0) . 

Since bj^i = in ()2.13|1 then Ce{Ai, A2, s) is regular at s = and we can define the 
relative (-determinant by 

(2.18) det^,e(^i, ^) = e-^^^^^-^^'") . 

No assumption is made on the existence or regularity of (g{Ai,s). If Ai,A2 are 
^-admissible and (I) of Definition (2.1) holds, then ()2.5|) . ()2.10|) imply as A —i> 00 in 

(2.19) a^Tr {{A, - X)-' - (A2 - Xy') ~ 

00 1 

p=o fc=0 

with, by (^-comparability, ap > — for, the relative resolvent trace is then OdAI^"^) 
as A — >• 00, some e > 0, and hence a^ l{m) — a-l{m) = in ()2.5p for Uj < 0, while 
in ()2.19|) p = j — max{j | aj < 0} + 1, resulting in the regularity of ^0(^1, ^2, s) 
for Re(s) > 1 — e. With ap > we can integrate ()2.19|) to obtain for A —> 00 an 
asymptotic expansion of the form ()2.13|) . 
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The bj^k are related to the coefficients in ()2.19|) via universal constants; in ()2.16p 

(2.20) 6,,, ^ a« - 45 , 
and in particular 

(2.21) Ce(^i, ^2, 0) = 6j,o = d% - d% = Ce(^i, 0) - Ce(^2, 0) . 
More generally: 

Lemma 2.3. If Ai,A2 are (-admissible operators such that (I) of Definition (2.1) 
holds, then Ai,A2 are (-comparable and as meromorphic functions on C 

(2.22) (e{Ai, A2, s) = (e{Au s) - 0(^2, s) . 

Proof. The ffist statement is proved above. For Re(s) > 1 — ao, ()2.22|l is obvious. 
Elsewhere, from fITTTj) . or (jTTTI|) . (fTT^ . the left and right sides of flT^ have the 
same singularity structure, hence (ei^Ai, A2, s) — (0{Ai, s)-\-(0{A2, s) is a holomorphic 
continuation of zero from Re(s) > 1 — ao to all of C, and is therefore identically 
zero. n 

To compute det^_6»(^i, A2) in terms of the scattering matrix we need to know more 
about the asymptotic behaviour of Sx. 

Lemma 2.4. Let f be a difjerentiable function in the sector Ag with an asymptotic 
expansion as X ^ 00 

r\ r 00 1 

(2.23) -^ ~ E E c.>(-^)''^ log'(-^) + Co(-A)-^ 

j=0 k=0 

with (3j /" +00 and (3j ^ 1. Then 
(2.24) 

c/(A) := /(A)-EEt^ f(-^)"'^^'l°g'(-^) - T^(-A)-'^^^0-^°^°s(-A), 
i=o fc=o ^ Pi \ ^ Pi / 

where r = max{fc \ jSk < 1}, converges uniformly as X ^ 00. Denoting this limit by 

ci := lim^^^c/(A) , 

(the 9 indicating the limit is taken in the sector Kq), there is an asymptotic expansion 

as X ^ 00 in Ag 

(2.25) 



00 1 



1— n L.—n '~^i \ '^J / 



j=0 fc=0 



Proof. Let Aq G R^ with y) = arg(A) and |A| < |Ao|. Choosing |A| sufficiently large 
so that (j2:28|l holds, then 

r\M Qcf /"l^l df ^J~^ 

\cf{X)-Cf{Xo)\ < -I dfi= |_^+J^J^c,-,(-/i)~^^log'(-/x)+co(-;u)"V/^ 

J\Xo\ C/^ J\Xo\ ^^ ,=0 A.=n 



j=0 fc=0 



DETERMINANTS OF GLOBAL BOUNDARY PROBLEMS 11 



'|Aol 

Since j3r+i > 1, then (c/(A)) is convergent by the Cauchy criterion. 

Integrating ()2.23|) between A and Aq, we obtain for large |A|, |Ao| and any e > 



7V-1 1 



j=o k=o ^ ^i \ ^ Pi / 

+C0 log(-A) + 0(|Ar^-+i+^) + c/(Ao) + 0(|Aor^-+^+^) . 
Letting Aq ^ C)0 we reach the conclusion. D 

Applying Lemma 1231 to ^{\) = logdet^iSA and from p.l2|l . p.l3|l . we see that 
as A ^ oo in A51 there is an asymptotic expansion 

00 1 

(2.26) logdetiT^A ~ 5^5^6;.fe(-A)-"^+Mog'(-A) +6j,olog(-A) +crei , 

j=o fc=0 

where bjQ = &j,o(l — Cij)~^ ~ ^i,i(l ~ Q^i)"^5 ^j,i = ^i,i(l ~ ^j)^^ U ¥" J)i ^"^^ the 
constant term is 

j-i 1 

(2.27) cei = lim^^^[logdet^5A - 6j,olog(-A) - ^ ^ 6;.,(-A)-"^+Mog'=(-A)] . 

j=0 A:=0 

The regularized limit of a function in the sector A51 with an asymptotic expansion 
/(A) ~ Er=o ELo ^jki-Xy^ log'=(-A)+Co log(-A)+Ci as A ^ oo, where /?, / +00 
and /3j 7^ 0, picks out the constant term in the expansion 

LIM^^^/(A) = ci . 

We have (with S := Sq): 

Theorem 2.5. For (^-comparable operators Ai,A2 

(2.28) detc,e(Ai, ^2) = detpS . e'^^<^^ iogdet^5, _ 
With Crci(O) := Ce(^i,^2,0), one has 

(2.29) LIM^^oo log det^^A = lim^_^[log det^^A - Crei(O) log(-A) 



j=0 fc=0 

IfAi,A2 are (-admissible 

(2.30) det^,e(A,^) 



det^,g^i 
det^^gA2 
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Proof. The identity ()2.30p is immediate from Lemma f2 .31 while ()2.29|) follows from 

(IT2SD, (EI2ZD, and ^TT^ . ^rn^ . 

To prove ()2.28j) . since A"'^ log deti? 5a — > at the ends of C for Re(s) > 1 — ao, 
we can integrate by parts in ()2.15j) to obtain 

(2.31) Ce{AuA2,s) = sg{s) 
and hence that 

(2.32) ^;iA„A„0) = ^ {S9{s)rn, 

as \s=o 

where, with /(A) = Migz^^ 

(2.33) 9{s) = ^ f X-'f{X)dX 

^TT Jc 

has a simple pole at s = with residue bj^. The notation /i(s)|™'''' indicates the 
meromorphically continued function. 

We carry out the meromorphic continuation of (eiAi, A2, s) along the lines of ^2] 
Prop 2.9 . First, logdet^iSA is regular near A = and so /(A) is meromorphic there 
with Laurent expansion 

(2.34) ;(,) = »^ + f,^,(_,y. 

Since /^ X~^-'dX = for Re(s) > 0, then 

(2.35) g{s) = ^ [ A-/o(A)rfA , /o(A) := /(A) - l^S^^*^*^ 



2n Jc '''' ' ' '"' ' '' ' (-A) 

For 1 — ao < Re(s) < 1, the circular part Cpfi^0^2-K of the contour C can now be 
shrunk to the origin, which reduces g{s) to 



smivrs) ''°° 



(2.36) ^(,) = !^^H!ilZe*(-^)(-i) / r-^ f,{re'^) dr 



TT 







using e *'^*^^ ^'^^ — e ^^^ = 2zsin(7rs).e*'^'^'^ ^\ On the other hand, from p.26|l there is 
an asymptotic expansion as A — i> 00 along Rq 

/o o^,^ r f^\ log( — A) Ci — log detiT'iS V^V^,' / xN_„ 1 A;/ ^^ 

(2.37) /o(A) ~ Co f^^ + -^ + 1_,2^ hki-^') ' log'(-A) 

^ ^ ^ ^ j=o fc=0 

where Co = bj^ = (rei{0), Ci = Crei- Hence, since —A = — re*^ = re*^^^'^^ with respect 
to -Re, for any e>0,A^>J + lwe have as r ^ 00 

/^ OCX f ( ^e^ log(re^(^-")) ci-logdetj.5 

(2.38) /o(re ) = cq^-^^^^^ + —^^^ 

Af-l 1 
j=o fc=0 
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Therefore 



g-i{6»-7r)g-is(7r- 



smivrs) ./Q 



'N-l 



J2 hjc'^^-^^^r^-' + r-'0{r^) 
.j=o 



dr 



/oo 
[e-'^^-^^cor"-^ log(r) + e-'^^-^\ci + i{e - tx)cq - logdeti.5)r-^-^ 



N-l 1 



+ E E 9,fc,er-"^-Mog'=(r) + r-^0(r 



!>r)(^~'^N+<^ 



dr 



j=o fc=0 



Af-l 



^^.g^e^-^b e-^(^-^)co e-^(^-^) (ci + i(^ - 7r)co - log det^^) 



j=0 



s - J - 1 



AT-l 1 

+ EE 

j=o fc=0 



Ci fc.i 



> + ftj - 1)' 



+ h^is 



where /ijv is holomorphic for 1 — a^ + e < Re(s) < A^ + 1. Here we use the 
meromorphic extension to C of 



(2.39) 
(2.40) 



-1 



r^ '^ dr = , 

s-j -I 



-^~''\og^{r) dr 



This imphes the singularity structure 

Co Ci + i{6 — 7r)co — log det^riS 



Re(s) < J + 1 , 
A; = 0, 1 , Re(s) > (3 + I . 



-i{TT-e)s_ 



TX 



Sm TTS 



:9Ks) ~ -^ + 



oo , 

-E ' 



i=o 



s - j - 1 



(2.41) 






+EE 

j=o fc=0 
3+J 



[s + aj - 1)'= ' 



sin(7rs) 



Around s = one has H£iZl£l = g + 0(s ) and hence 

(2.42) .,(.) = e^(--^)^(.^ + 0(/)) (I + Cl+^{0-^)co-logdet,S ^^ ^ ^,^^^^ ^ 

where p is meromorphic on C and holomorphic around s = 0, giving the pole 
structure in ()2.41|1 away from the origin. We therefore have near s = 

^{sg{s)) = z(7r - e)e'^^-'> (cq + s{c, + i{e - 7r)co - logdet^5)) 
ds 

+0{s^) + e*("-^)'(ci + i{e - 7r)co - logdet^^) + 0{s) . 

And hence from ()2.32|1 

(2.43) Ce(^i,^2,0) = ci-logdet^5 
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and this is equation ()2.28p . 



D 



Remark 2.6. There is freedom in specifying log detpSx up to the addition of a con- 
stant, and hence in specifying Sx up to composition with an element of GLiiTix) = 
{S G GLiTix) \ £ — I & LiiTix)}, where Li{TCx) is the ideal of trace- class operators; 
that is, Sx£ is also a scattering operator for any £ G GLi{T-Cx). However, since 
deti? : GLi{T-Cx) —* C* is a group homomorphism and the regularized limit is linear 

(2.44) LlMU^igiX) + c.f{X))=LIMU^{g{X)) + c.UMU^{f{X)) , 

any constant c, then ()2.28|) and ()2.43|) are unambiguous. 

With the regularized hmit LlMz^o{h{z)) denoting the constant term in the Lau- 
rent expansion of a function h{z) around z = 0, we can recast ()2.28|1 as follows: 

Proposition 2.7. IfAi,A2 are (-comparable, then 



logdet^,e(Ai,A2) 

(2.45) 

Equivalently, 

logdet^,e(^,^) 
(2.46) 



-LIM 



s^O 



27r 



A"'"MogdetF5A dX 



c 



^ f \-s-ll J ^- C J\ Cre/,6»(0) 

— / A log detfOA dX ■ 

2n Jc s 



LIM.^o [TisXeiA,, A„ s) f^ + iCreiA^) 

CrelAO) 



s=Q 



T{s)Ce{Ai,A2,s) 



+ lCrelAO) . 



s=0 



Proof. From ()2.HHj) . ()2.42j) . around s = one has 



2n 



— / A-^-^ logdeti.5rfA 



c 



e 
Co 



in-9)s f^^^^^ ^^Q _ ^y^ _ iogdet^5 + 0{s)\ 
+ Ci — logdetiTiS + 0{s) , 



and hence ()2.45j) follows from ()2.43|l . 

On the other hand, r(s) = s^^ + 7s + 0{s) near s = 0, so from 1)2.311 

T{s)Ce{Ai,A2,s) = T{s)sg{s) 



J{7T-e)sf^ 



+ ci + i{6 - Tc)co - logdetiT^ + co7 + 0{s)) , 



and so ()2.46|) follows similarly. 
We also have: 



D 



Proposition 2.8. Let Ai,A2 be (-comparable and (-admissible, then there is an 
asymptotic expansion as fi ^ 00 in Ag 



logdet^,0(Ai - /x) - logdet^,0(A2 - /i) 
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oo 1 



j=o k=0 

In particular, the constant term is zero : LIM ^^ log ( det'''''M^- ) ) ~ ^ ■ 
Proof. For fi E Ag the operators Ai—fi are ^-comparable, and hence by Theorem 12 .51 
logdetf,0(yli - fi, A2 - fi) = logdetF^^ - LIM^_,^ logdet^^^+A • 

Since LIM^.^^^ log det^iS^+A = LIM^^^,^ log detp^A the conclusion is reached from 
(IT2SD,(EISZD- □ 

Finally, it is useful to note that a similar proof allows Theorem l2.5l to be abstracted 
and generalized slightly: 

Proposition 2.9. Let ^ be a function on C which is meromorphic at with Laurent 
expansion $(A) = X]^-m^i(~-^)''' '^'^^ holomorphic in a sector Kq with for some 
r eTa a uniform asymptotic expansion of d^/dX as X ^ 00 in Aq 

(2.47) ^~EE«^>(^)""^log'(-^)' 

j=—r k=Q 

where —00 < a_r < ■ ■ ■ < «-i < < Qq < . . . < aj y 00. Then 

Z(s) = -^ [ X-'^ dX 



271 Jc dX 

is holomorphic for Re(s) > 1 — a^r o-nd has a meromorphic continuation to all ofC 
with poles determined by the coefficients of ()2.47|1 . In particular, if aj^i = (with 
aj = 1) then Z{s) is holomorphic around s = with Z{0) = aj^, and 

(2.48) -Z'iO) = $(0) - LIM^,^^$(A) , 

where $(0) := LIMa^o'^(A) = bo- 

2.1. Relative Heat Kernel Regularization. In this Section we derive Theo- 
rem 121^1 using the heat operator trace for operators Ai, A^ with spectrum contained 
in a sector of the right-half plane. This applies, for example, to the Dirac Laplacian 
on a manifold with boundary. 

We assume that i?^ is a spectral cut for Ai,A2, so that ||(Aj — A)^"*^! = 0(|A|^^) for 
large A in A^ with 6 > 11/2 in ()2.1|) . Let C be a contour surrounding sp(Ai), sp(A2), 
coming in on a ray with argument in (0, vr/2), encircling the origin, and leaving on 
a ray with argument in (— 7r/2, 0). For t > 0, one then has the heat operators 

g-tA, ._ J_ f e-'\Ai - X)-^ dX = — /r'"e-*^9™(A, - A)-^ dX . 
2vr Jc 2n Jc 

If we assume d^{Ai — A)~^ is trace class for some m, then e"*"^' is trace class with 

Tr (e"*^0 = — [t-"'e-'^TT (9^(A, - A)-^) dX . 
^T^ Jc 
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The resolvent trace expansions ()2.5p thus imply heat trace expansions as t — *> 



oo 1 



(2.49) Tr (e-*^0 -J^H ^i^'~' l°g' ^ ' 

j=0 k=0 

with coefficients differing from those in ()2.5|1 by universal constants, while Tr (e"*"^' 
0(e~'^*), some c> 0, as t —^ oo. The heat representation of the power operators 



(2.50) Ar' = —— / t^-^e"*^' dt , Re(s) > , 

r(s) Jo 

then implies C(A,s) = r{s)-^ J^ t'-^Ti {e~^^^) dt for Re(s) > 1 - ao, with fU^ 
giving the pole structure of the meromorphic extension to C 

For positive (^-admissible operators the heat cut-off regularization, defined by 

/oo 1 
__Tr(e-*^«)rft, 

picks out the constant term in the asymptotic expansion as e ^ oi 

--Tr (e-*^0 dt ~ -({A, 0) log£+LIM,^o/(^)-$^ Yl f^^'^^"''' ^^s' ^ " 

j=0 fe=0 

Since df /de = e^^Tr (e"^"^'), the existence of such an expansion follows from ()2.49|) 
and the small time asymptotics analogue of Lemma 12.41 

The definition in ()2.51|) is motivated by detfteai(^) = deti?(y4) in finite dimen- 
sions. However, if H is infinite-dimensional and A is determinant class, then e~^^ 
is not trace class and ()2.5H1 is undefined. There is, nevertheless, for any pair of 
(■-comparable operators Ai,A2 a well-defined relative heat cut-off determinant 

/oo 1 
--Tr(e-*^^-e-*^^)rft. 

This includes both when Ai, A2 are determinant class or (^-admissible. In the former 
case, e~*^i — e~*^2 is now trace class, log detheatiAi, A2) = J^ "^Tr (e~*^^ — e"*^^) dt 
and detheat{Ai, A2) = detpiAi)/ detF{A2). This is the r-integrated version of 



(2.53) 



^00 T 

Ti (A-^Ar) = / -t^^Tr (— e^*^'-) dt , (Ar det class) 

Jo dr 



where Ai < Aj. < y42 is a smooth 1-parameter family of non-negative determinant 
class operators (to see ()2.53|) . set s = 1 in ()2.50p and use Duhamel's principle). 
On the other hand, when the Ai are (^-admissible 

(2.54) det,UA, A2) = ^^^^^^^ . 

det heat{A2) 

By (J237J1 . below, (J234J1 is a restatement of ^^ and ^^2^. 

The relative heat and (-function C(^i, ^2, s) = T{s)-^ J^ t'-^Ti (e^*^! -e-*^^) ^^ 
regularizations are related to the scattering determinant is as follows. 
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Theorem 2.10. Let Ai, A^ he 'positive (-comparable operators with 9 = tt, as above. 

Then as £ — ^ there is an asymptotic expansion 

(2.55) 

__Tr (e-*^^ - e-*^^) dt ~ logdet^5 - LIM^^oo log det^5_^ - Cre/(0)r'(l) 

OO 1 

-C.ez(0)loge + 5^^c;.,e°^-Mog'=e . 

j=0 fc=0 

Hence 

(2.56) logdeUeat(Ai,A2) = logdeti.5-LIMA_oologdet^5_A-Crez(0)r'(l) . 
One has 

(2.57) detc(Ai, A2) = det,eat(Ai, A2)e^-(°)r'(i) . 
Remark 2.11. r'(l) = -7. 



Proof. Equation p.57|l follows from p.56|l and p.28|) . Alternatively, it is proved di- 
rectly, without reference to Theorem 12. 5[ by an obvious modification of the following 
proof of (E3K1) . 

From (EIIS), (EH} we have 

(2.58) 

Tr (e-*^i - e-*^2) = -— f e-'^-^logdetpSx dX = -t— f e-'^hgdetpSx dX . 

27r Jq oX 27r Jq 

Hence 

/•°° 1 . . . . if P-*^ '^ 

logdetiTiS^ dX 



--Tr (e-*^^ - e-*^^) dt = — [ lim ^ 

^ t 2tC Jq uj^od —X 



t=e 



.^ ^„. ^ f y e ''logdetpS^/^ i fe ^logdet^5p/^ 

(2.59) =7r 1™ dfi-— dp , 

using /i = ujX, p = eX and homotopy invariance to shift the contours uC, eC to C. 

Since lim^^^oo log detpSf^/^^ = log deti?5 and since the contour in the first term in 
(I2.59|) can be closed at 00, we have 

i f , G~^ log detpSn/u, , , , ^ 

(2.60) — / lim ^^^ dp = logdet^5 . 

27r J12 i^^oo —p 

Now from (jT^ . (J22Z|), for any 5 > 0, as £ ^ 

(2.61) ^ogdetj^S,/, ^ ^^^_^^_, ^ ^^^_^^_, j^^^_^^ ^ ^^^_^^„, j^^^^^ 



-P 

N-l 1 

+ E E^^>((-^)'""^^'""^(M-p)+iog(^))'+o(ipe|-"' 

j=J+l fc=o 



+5^ 
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Hence, as e — >^ 0, 



i fe nogdetpSp/s ^^ _ ^ i / ^-p/_ x-i 



(2.62) - / " dp = ci.- / e-'^i-p)-' dp 

+co-^ J e~'{-pyHog{-p) dp + colog{e).^ Je-^{-p)-' dp 

N-l 1 . 

j=J+l k=0 -^^ 

From the contour integral formula for the Gamma function 

Tis)-' = ^ [e-^i-p^dp 

we have 



27TJC 



(2.63) ^j^e~^{-p)-Up = T{ir' = l, 

and 

(2.64) ^ ^ e-^(-p)-^ log(-p) dp = -^^^^^ (r(s)-^) = r'(i) . 

From dTH, (Einni), (ESS), (1^^ - (ESI, we reach the conclusion. D 

For closely related formulae see §3 of J2T| . 



2.2. Relative Eta Invariants. The dependence of the relative ^-determinant on 
the choice of spectral cut Rq is measured by the regularized limit in ()2.28|) : 

Lemma 2.12. Let Ax^A^ he (-comparable operators for spectral cuts 0,(f) & [0,27r) 
with scattering matrices 5^, 5^ chosen so that deti^iSp = deti^iSg . Th 



en 



det^,e{Ai, A2) 

— exp 



-LIM,^„,log' "^ -" 



detc,^(Ai, A2) - -— -- V detpS^ 

where LIM = LIM°, a G R+. 

By Remark 12.61 the requirement detir Sq = detj? Sq can always be fulfilled, and 
so p.l2j) follows from Theorem 12.51 and p.44|l . Notice that the exponent is defined 
only mod {2TTiZ) due to the ambiguity in defining log, and that the Fredholm 
determinants are taken on H^te^, H^i^^, respectively. 

We consider this for self-adjoint Ai,A2 with sp(Aj) fl M± 7^ 0; for example, for 
operators of Dirac-type. There are, then, up to homotopy, two choices for 6: 

or, 

^ - Y , - 2 ^ arg(A) < — , (-1)^ = e 



17VS 
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which we may indicate hj 6 = +,6 = —, respectively. We assume that Ai,A2 are 
(^-comparable so that for /i G A± 

(2.65) Tr((A-^)-i - (A2-^)-i) = -|-logdet^5j 

OD 1 

(2.66) ~ Y,J24ki-f^)"''^og\-fi) as/i^ooinA±. 

j=0 k=0 

We may omit the ± superscripts in the following, /i indicating the appropriate 
scattering operator. 

Since taking conjugates switches between spectral cuts it is enough to assume 
^-comparability for just one of 6* = n/2 or 37r/2. Considering /i = ±ia G ±iM+ 
gives 



(2-67) ttjQ = a+o 

and 

(2.68) da log detpS-ia = da log det^^*, . 

Corresponding to C+ = C^/2 and C_ = 03^^/2 we have two relative ^-functions 
C±(y4i, A2, s). Their disparity at s = is measured to first order by ({Af, A2, 0) and 
the relative rj-invariant 

r/(Ai,A2) :=LIM,^or7(Ai,A2,s)r^^ , 

where for Re(s) >> 0, 

r/(Ai,A2,s) = Tr(Ai|Ai|-^-^-A2|A2|-^-^) 

(2.69) = 7^ / A-'^Tr (Ai(A? - A)-^ - A2{Al - X)-') d\ , 

and Ctt is a contour of type ()2.4|1 with 6 = n. (Here Af = A*Ai have (dense) domains 
dom(42) = {^ e if I e,^ie e dom(Ai)}). 

The existence of C-wi.^^ A^, s) and ?7(v4i, A2, s) for Re(s) >> 0, the justification of 
fj2.69p . and their meromorphic continuation to C follow from the ^-comparability of 
Ai, A2 via the identities 

(2.70) A{A^ - Xr' = I [(A - X'/'r' + {A, + \'/')-'] , 

(2.71) (A? - A)-^ = ^ [(A - AV2)-i _ (A. + aV2)-i] . 

Here A^^^ is uniquely specified by Rj^. It is important to observe that the transfor- 
mation A -^ A^/^ opens C^^ out into a vertical contour 

(2.72) C^ I — > Ci/2 := C|,i U C„|_| U C'p.f -f • 

From dnOD, \\Ai{A^ - X)-^\\ = 0(|A-^/2|)^ g^ ^.|^.|_£±i .^ ^^g^g^ ^^ j^^^^) > 
0. Since ^1,^2 are (-comparable, (jT7n|) implies Ai(A? - A)"^ - A2{Al - A)"^ 
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is trace class, and, from ()2.66p . ri{Ai,A2,s) is defined for Re(s) > 1 — ao (see 
Proposition I2.15p . 

If Ai, A2 are individually (^-admissible then ri{Ai, s) = Tr (AjIAjI^^") are defined, 
and since ri{Ai, A2, s) and ri{Ai, s) — ri{A2, s) have the same pole structure 

(2.73) r]{Ai, A2, s) = r]{Ai, s) - 7/(^2, s) {Ai ( - admissible) . 

Likewise, from (IT7T|l . ||(Af - A)-^ = 0(|A-^|) and ({AlAls) is defined for 
Re(s) > 1 — ao- More precisely, setting log = log^ from here on, we have: 

Proposition 2.13. For A G A^ 

(2.74) Tr {{Al - \)-' - {Al - A)-^) = -— logdeti.5,v2 - ^ logdet,.5_,i/. . 
Wtth -A = a G M+ 

(2.75) Tr {{Aj + a)-' - {Aj + a)-') = ^ logdet^((5±,^)*5±,^) . 

[This means either {S_i^)*S_i^ or {S^i^)*S^i^.] yls A ^ 00 m A^ there is an 
asymptotic expansion 

00 1 

(2.76) Tr ((A? - A)-i - [Al - X)-') ~ J^ J]a;.,(-A)-^ log'=(-A) . 

j=0 k=0 

In particular, 

(2.77) ajQ = , aj^^ = {aj = 1) . 

Proof. The first equation is a consequence of ()2.65|) . ()2.71|) and 

(2.78) Tr {{Al - Xy' - {Al - X)'^) = ^{X^^^) + ^{-X^/^) , 

where \I/(p) = (2p)^^Tr {{Ai — p)~^ — {A2 — p)^^). Here, one uses p.72|l in order to 
track which sector A^'^ is in, and hence whether iS;^i/2 is iSj" or S~ . The change of 
branch of log between ()2.65p and ()2.7H) is unimportant. 

If —A = a E M_|_, so A G C^,t, then A^/^ = —iy/a with respect to R^^. Since 
^(p) = \E'(p), the right-side of ()2.78p becomes '^{—^^/a)+'^{—i^/a), or, equivalently, 
'^{i^/a) + '${i^/a), resulting in the ± alternatives in ()2.75j) . which now follows 
similarly to ()2.74j) using daiogdetFS^^i/2 = 9a logdeti?(5_|_Q,i/2)*. 

p.76|) follows from ()2.66|1 and ()2.78|1 . It is built from both of the expansions 
()2.66p as A^/^ — > cxd in A±, but the coefficients in ()2.76p will not in general be of the 
simple form ()2.77|) due to the change in spectral cut. However, A~^ is unambiguously 
defined and (IT77|l follows by comparing (ITT)H|l . (ITTl) . ^TM . D 

The content of Proposition 12.131 is that AfjA"^ are (^-comparable: 
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Theorem 2.14. Let Ai,A2 be self- adjoint (-comparable operators, as above. Then 
C{Al, Al, s) is regular around s = 0, and (with 6 = n, S = Sq) 

(2.79) det^{Al,Al) = deti.(5*5)e"L^^'^^-'°sdet^((5±,„)*5±,.) 

IfAi,A2 are individually (-admissible, then so areA\.,A\ and, then, deic{A\., A^ = 
det^{Al)/det^{Al). 

Proof. The first statement is equation ()2.77p . From Proposition 12.91 with $(A) = 
log deti?iS;^i/2 + logdeti?5_;^i/2 we obtain 

(2.80) det^{Al, Al) = det^(5*5)e-L^^^-^-*(^) . 

Notice, though logdeti^iS^ may differ by a constant, ()2.80|) is unambiguous. The 
regularized limit averages the limits in the sectors A± and so is well-defined in 
Att- Equation ()2.79p now follows from ()2.75|) and ()2.80|) by computing the limit 
along R_ = — -R+, and noting LlMa^aofiVc^) = LIMQ^oo/(tt)- The final statement 
follows on applying 9™ to ()2.71|) for large m. D 

The analogue of Proposition 12.131 for the eta-function is proved similarly: 

Proposition 2.15. Ai, A2 are ri- comparable, in so far as, for A G A^r, 

(2.81) 

Tr(A(A?-A)-i-A2(A2-A)-i) = -Ai/2— logdet^5,i/2 + Ai/2_iQg^g^^5_^^^^ ^ 

and as X ^ 00 in Att there is an asymptotic expansion 

00 1 
(2.82) Tr {AMI - A)"^ - ^(A^ - X)-^) ^Y^Y. ^A-^)'"^ log'(-A) • 

From ()2.82|) we obtain the singularity structure 



2 



(.83, rC-±lHA.,A..sy.±j:^^,'-^, ^ 

j=o fc=0 ^ ^ ' 

where the Aj^k differ from the a-^ by universal constants. Since Ai,A2 are (- 
comparable, from ()2.8ip we find that aj^ = 0, and Aj^i = 0. Hence, as T{s) is 
regular at s = 1/2, ri{Ai, A2, s) can have at most a simple pole at s = 0. 

Though Proposition l2. 13l and Proposition l2. ISI are ostensibly similar, the 77-invariant 
has a quite different character. In particular, it is not necessary for A^ to be invert- 
ible in order to define ri{Ai),T]{Ai, A2) - we require only that at A = the resolvents 
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{Ai — A)~^ are meromorphic^. It is then convenient to consider 

r]{Ai,A2) + dimKer(Ai) - dimKer(y42) 



v{Ai,A2) 



2 

since rj{Ai,A2) mod (Z) varies smoothly with 1-parameter famihes [Sl ll4[l^ ll6j. 
The topological nature of 77(A) originates in the following difference of regularized 
limits in the sectors A±: 

Theorem 2.16. IfAi,A2 are self-adjoint (-comparable operators, as above, then 
(2.84) 

77(^1, A2) = -— LIM.^oo (logdetpS.ia - logdetpS.c.) + -C(^?, ^l 0) mod (Z). 
Zm Z 

Proof. With /i = A^/2 „g j^^ve from flT^ . flT^ that 

r/(Ai, A2, s) = ^ I /i-^Tr {{A, - ^Y' - {A2 - ^Y') 

+ Tr ((Ai + liY^ - {A2 + liY^)] dfx 

(2.85) = TT I fi~'{d^,\ogdetFS.f,-d^logdetFS^,) djj , 

^^ jRe{s)=c 

where c is positive and less than the smallest positive spectral value of Ai or A2. 
Since /i~* log detir iS^ — > for Re(s) > 1 — ao as 7^ ^ 00, integrating ()2.85|) gives 

(2.86) 77(^1,^2) =11^4,^0(^^(5)), 

where G{s) = ^ Ine{t,)=cf^~'~^ ^(/^) ^/^' ^^^ 

(2.87) F(/i) = logdetF'S-^ - logdet^^^ mod (27riZ) . 
Here, since 

(2.88) / fi-'-^ dfi = Re(s) > , 

jRe{ti)=c 

the mod (27r2Z) ambiguity in ()2.87j) is not seen in G{s). 

At /i = 0: though r{fi) = Tr((yli — /i)~^ — {A2 — /i)^^) is meromorphic with 
residue — dimKer(y4i) + dimKer(y42), r(/i) -\-r{—fi) = d^F{Y) is regular, and hence 
{—jjiY^F{lA is meromorphic with a Laurent expansion {—nY^Fi^jj) = Xljl-i ^ji^f^Y ■ 
LetFo{fi) = {-fiYKHf^)-b-i). 

From ()2.88|) and since -Fo(/i) is regular at /x = 

G(3) = ^ / /i-^ Fo(/x) dfi = ^ [ /.-^ Fo(/x) d/i . 



This has consequences topologically: concretely, the eta-invariant provides a canonical gener- 
ator for ni(J^sa), where J^sa is the space of self-adjoint Fredholm operators, and a transgression 
form in the relative family's index | 18II27| . 
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We have /x = re^*'^/^ on ±iM and since the orientation goes from +ioo to —ioo, 

_j7rs g i-irs ^^ 

(2.89) G{s) = -^^ r~'Fo{re-^)dr + ^^ r'' Fo{re^^) dr . 

2vr Joo 27r Jq 

By the argument in Theorem 12 .51 if h is holomorphic in Ag with an asymptotic 

expansion /i(A) ~ /^i(-A)-i + /io(-A)-Mog(-A) + ^^=0 ELo ^j>(-^)~"^ log'(-A), 
with < ttj y oo, a.s X ^ oo, then /i(s) = J^ r~^ f{re^% dr defined for Re(s) >> 
extends meromorphically to C with singularity structure around s = 

(2.90) ,,(.)= e«-) (^ + h,+i(e-n)h„ \ _^ ^^^^ _ 

where p{s) is meromorphic on C with poles at s = 1 — a^ 7^ 0. 

Since Ai,A2 are ^-comparable, as in ()2.37|1 we obtain asymptotic expansions 

00 1 

(2.91) Fo(/i)~a^(-^)-i + a^(-^)-Mog(-/.) + 5^5^c^t,(-A)-"Mog^-A) , 

as /i — > ±ioo, where < aj y 00. From ()2.87|) we compute 

(2.92) af = LIM^^iJoo (logdetiriS^ — logdet^^^^) — 6_i =F i'^0,^0 '^o'^ (27riZ), 
and 

(2.93) a^ = ±{a% + al,), 

cf. (I2.37|l ( zvrajQ in ()2.92|1 arises from log(/i) = log(— /i) + ztt). 

From dsiEHi), jznni), (pn]) 



^7^s / _|_ , \ jTTS 



(2.94) ,G(.) = -—^^ + at- -aj j + _ (^^ + a^ - -a„- ) + 0(s) 

^ (flp - a^)/2ni ^ {a^ - a^) ^ (ar - Q^) ^ q/ n 
s 2 27rz 

Hence from dZHHI), dZHl, (^^ 



2 27ri 
= — LIM„^oo (logdetF^-ja - logdetF^ja) H '—- — - mod (2Z) 

TTZ 2 

= ^LIMa__,oo (logdetiT'^.jQ, — logdetjT'iSjQ,) + OjQ mod (2Z), 

m 

the final equality using (jTTTjl . Since C(^?, ^i, 0) = ajo-dimKer(A?)+dimKer(Af), 
and, by self-adjointness, dimKer(/l^) = dimKer(y4j) we reach the conclusion. D 

Remark 2.17. (1) Similar regularized winding numbers to ()2.84j) for suspended 
ipdos have been studied in |17lj . 
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(2) The methods c»/§ 2.1 can be used to obtain ()2.84|) through the heat formula 

viA,, A,, s) = r(^)-i r t^Tr (Aie-*^? - A^e"*^^) dt . 
^ Jo 

(3) From (j2.68|) . the regularized limit in ()2.84|) is pure imaginary, while from ()2.67p 
and ()2.77p ({Af,A2,0) is real. When Ai,A2 are invertible this corresponds to the 
the role of these invariants in defining the phase of the determinant 

(2.95) det^,±(Ai, As) = e^'^(''(^2'^^)-'^(^?'^2-o))det^^^(|Ai|, l^]) . 

2.3. A Multiplicativity Property. We refer to ^-comparable operators Ai, A^ as 
strongly (-comparable if aj,k = for j < J in ()2.13jl : in particular, Cre/(0) = 0. 
From (j2.29|l . if Ai, A2 are strongly (^-comparable then LIM = lim and 

(2.96) det^^Ai, A2) = detpS . e" !*<-.- ^"sdet^'^A . 

More precisely, (g{Ai,A2,s) is then holomorphic for Re(s) > 1 — aj+i and so at 
s = 0, without continuation, and ()2.9(i|l follows from 

Ce{A,,A2,s) = _!l!lMe^(-e)^ T r"^ |-logdet^(5,e.«) dr . 
IT Jq dr 

This applies to the following multiplicativity property: 

Theorem 2.18. Let A : H ^ H be closed and invertible with spectral cut Rq with 
||(A-A)-^|| = 0(|A|-^) as \ ^ 00 mke andletQ = I+W : H ^ H withW of trace 
class. If the operator AW is trace class, then {AQ.,A) are strongly (^-comparable and 

(2.97) det<^,0(Ag, A) = detpQ ■ 
If A is (-admissible, then so is AQ and 

(2.98) det^^e{AQ) = det^^e{A).detFQ ■ 

Let us point out some immediate consequences. First, we have: 

Proposition 2.19. Let M be a closed n-mamf old and D : H''{M, E) -* H'-'^{M, E) 
an elliptic ■i/'do of order d > Q acting on sections of a vector bundle E over M . Let 
Q = I + W where W is a ■^/'do on L'^{M, E) of order oTd{W) < —n — d. Then 

det^.e (Dg) = detc,e(D).detFg , 
In particular, this holds if W is a smoothing operator. 

Proof. It is well known that in this case D is (^-admissible. On the other hand, 
ord(Diy) < —n and hence DW is trace class. D 

This generalizes Lemma(2.1) of [13j. On the other hand, using the multiplicativity 
of the Fredholm determinant, setting A = Q2 and Q = Q2^Qi "we have: 
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Proposition 2.20. Theorem \2.1t\ (j2.97|) . applies to any hounded operator A on H. 
In particular, {Q, I) are strongly (-comparable, with I the identity operator, and 

(2.99) dett;,e{Q,I) = detFQ . 

Equivalently , if Q11Q2 ore determinant class, they are strongly (-comparable and 

detpQi 



(2.100) det^,e(Qi, Q2) = detFiQ2^Qi 



detiT'Qs 



Thus, although Ce{Qi, s) is undefined if Qi is of determinant class for any s (with H 
infinite-dimensional), Ce{Qi,Q2,s) is defined and holomorphic for Re(s) > —1 (see 
below). Since the contour can be closed at 00 this extends to all s — equivalently, 
()2.99j) is independent of 9, providing one perspective on the following. 

First, note that for self-adjoint strongly ^-comparable operators, r]{Ai,A2,s) is 
holomorphic for Re(s) > 1 — aj+i, and ()2.84|) is immediate with LIM = lim on 
setting s = in (pi?H|) . 

Proposition 2.21. Let Qi, Q2 be self-adjoint and determinant class. Then rj{Qi, Q2, s) 
defined for Re(s) > —2 extends to an entire function and 

v{Qi,Q2)eZ . 
Proof. The first statement follows from ()2.102|) . The identity is immediate from 

fiTM|) and dnni- □ 

An equivalent view point is that det^,6i(Qi, Q2) is real by ()2.100j) . and so the phase 
in (I2.95|) must be real. Matters are quite different for differential operators (§ 3.4). 
The proof Theorem 12.181 is as follows. 

Proof. We have AQ — A = A — \ + S, where S = AW is trace class. Hence 
{AQ — X)^^ — {A — X)^^ is trace class, and for A large 

(2.101) {AQ - A)-^ = {A- X)-^ + ^(A - X)-\S{A - A)-^)^ . 

fc>i 

From the trace norm estimate 

\\{A - X)-\SiA - X)-')'\\Tr <\\iA- X)-'f+\\\S\\Tr)' < C\X\-'~' , 
as A ^ 00, we have \\{AQ — X)^^ — {A — X)^^\\Tr = 0{\X\^^) and hence that 

(2.102) |Tr {{AQ - X)-' -{A- X)-') \ = Oi\Xr^) . 

Therefore (g{AQ,A,s) = Ti {{AQ)~^ — A^^) is holomorphic for Re(s) > —1 and 
(g{AQ, A, 0) = 0. Using the symmetry of the trace we find 

Tr {{AQ - X)-' -{A- X)-') = -^ logdet^((A - X)-\AQ - A)), 

so the scattering matrix is Sx = {A — X)^^{AQ — A). Hence from ()2.96p 
det^^e{AQ,A) = det^Q . e"'^*--'°sdet^5, _ 
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Finally, it is easy to see that detinSA = 1 + 0(|A|^^) for large A and hence that 

(2.103) lim^_^^logdetF5A = mod(27riZ), 

proving ()2.97|) . 

If A is (^-admissible, then applying 9™ to ()2.1()H) for large enough m, we find 
d^{AQ — X)~^ is trace class with an expansion ()2.5j) with no term (— A)^^ log(— A). 
Hence flTTIH|l follows from ^M>. D 

Remark 2.22. In fact, det^,e(^Q,^) = det^Q-e-L^^^— ^"s^^*^'^^ for any determi- 
nant class Q — though expected, the vanishing of the regularized limit is unresolved. 

3. An Application to Global Boundary Problems of Dirac-type 

We turn now to the application of Theorem 12.51 to elliptic differential operators 
on manifolds with boundary. 

3.1. Analytic Preliminaries. Let X be a compact Riemannian manifold with 
(closed) boundary manifold dX = Y. Let E^^E"^ be Hermitian vector bundles over 
X and let A : C°°(X, E^) -^ C°°(X, E^) be a first-order elliptic differential operator. 
We assume a collar neighborhood U = [0, 1) x F of the boundary such that 

d_ 

du 



(3.1) A\jj = (j[— + A + R 



where ^ is a first-order self-adjoint elhptic operator on C°°(F, Ely), R is an operator 
of order 0, and a : E}^ -^ E?^ a unitary bundle isomorphism constant in u. When 
()3.1|) holds, then A is of Dirac-type. The case when i? = is called the product case. 
We define the space of interior solutions of A 

Ker(A,s) := {^ G H'{X,E^) \ Aijj = in X\Y} , 

and its restriction to Y 

H{A,s):=-foKei{A,s) , 

where, for each real s > 1/2, 70 : H'^(X,E^) -^ H^^^^'^iY, E}y) is the continuous 
operator restricting sections of E^ in the s*^ Sobolev completion to the boundary. 
Because of the Unique Continuation Property-fo : Ker(y4, s) -^ H{A, s) is a bijection, 
while the Poisson operator 

(3.2) ICa ■■= rA-^^*a : H'~^'^(Y, E\y) — ^ Ker(A, s) C H'{X, E^) . 

defines a canonical left inverse to 70. Here, using the doubling construction |3] for 
example, we consider X as embedded in a closed manifold X with Hermitian bundles 
Ei such that {Ei)\x = Ei, and such that A extends to an invertible elliptic operator 
A : H'{X,E^) -^ H'~\X,E^), and where 7 : H'{X,E^) -^ H'-^l^{Y,E^y), r : 
H'^{X,E'^) -^ H'^{X,E'^) are the continuous restriction operators. 
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Proposition 3.1. [2111211111131101 The restriction 

(3.3) P{A) := 7/Ca 

of K,A to Y is a ^do projection of order (the Calderon projection) on the space of 
boundary sections H^~^/'^(Y^ -^ly) '^'^^h range H{A, s). 

For (y,^) G T*Y\{0}, the principal symbol a[P{A)]{y,^) : E^ —^ Ey is the or- 
thogonal projection with range N+{y,^) equal to the direct sum of eigenspaces of the 
principal symbol of A with positive eigenvalue. Therefore a{P{A)) is independent of 
the operator R. 

In general, P{A) is only a projector (an indempotent) , but 

(3.4) P{AU ■■= P{AyP{A){P{A)PiAy + (/ - P(A)*)(/ - P(A)))-\ 
is the ipdo projection (unique self-adjoint indempotent) with range 

(3.5) ran {P{A)on) = ran (P(A)) = ran (P(A)*) . 
and principal symbol cr[P(A)] = cr[P(A)ort] • 

The Calderon projection provides a natural basepoint witli wliicli to define global 
boundary problems: 

Definition 3.2. jHH 110! A classical ■i/'do B of order acting in H'^(Y,E}y) with 
principal symbol (t[B] defines a boundary condition for A which is well-posed if: 

(i) B has closed range for each real s; 

(a) for {y,i) G T*Y\ {0}, (T[P](y, ^) maps N+{y,^) injectively onto the range of 
a[P](|/,OmC^. 

Definition 3.3. A well-posed boundary condition B for A is admissible if the ijjdo 
B — P{A) is a ipdo of order < —n. 

Remark 3.4. In the following we shall for clarity and brevity assume that if B is 
admissible then B — P{A) is a smoothing operator. The modifications needed for the 
general case are straightforward. 

For each well-posed boundary condition B for A the global boundary problem 

(3.6) Ab = A: dom [Ab) -^ L\X, E^) 

with domain 

dom (Ab) = {^ G H\X, E^) \ B-fo^p = 0} 
is a closed operator from L'^{X,E^) to L'^{X,E'^). An equivalent global boundary 
problem is obtained by replacing B by the V'do projection P[B] := PKer(B)J^ ^° ^^^^ 

(3.7) Ab = Ap[B] , 

where for any closed subspace W C Hy, Pw denotes the (orthogonal) projection 
with range W . 
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The following preferred sub-class of well-posed boundary conditions is of spe- 
cial interest. By an APS-type boundary condition we mean a ipdo projection P 
of order on Hy such that P{A) — P is a ■i/'do of order —1. The pseudodif- 
ferential Grassmannian Gri{A) is the infinite-dimensional manifold parameteriz- 
ing such projections, each such P G Gri{A) defines a global boundary problem 
Ap : dom.{Ap) — > L'^{X,E'^). In particular, Gri{A) contains the APS projection 
n>. This property is quite crude in so far as it follows trivially from the equality 
(t[P(A)] = o"[n>]. If i? = 0, the flow over the collar leads to the following harder 
result: 

Proposition 3.5. P^ ITU] In the product case 

P{A) - n> and P{A)* - U> 

are ipdos of order — oo (smoothing operators). 

Tailored to the product case we therefore also consider the dense submanifold 
Groo{A) of Gri{A) parameterizing those P such that P — P{A) is a smoothing 
operator. 

Clearly, any P G Groo{A) is admissible. The following facts will be useful later: 

Lemma 3.6. Let -Bi,i?2 be admissible boundary conditions for A. Then each of 
Bi — B2, P[Bi\ — P[B2\, BiP[B'2\'^ are smoothing operators, where P^ := I — P, 
any projection P . In particular, if B is admissible, then 

P[B] e Gr^iA) . 

Proof. See Remark IH.4I The first statement is obvious from Definition IH.HI The 
second follows easily from P[Bi] = {i / 2tt) J^{B*Bi — X)~^ dX, with T a contour 
surrounding the origin and not enclosing any eigenvalues of B*Bi. For the third, 
one has B^PlB^]^ = B^{P[B2]^ - PKer(B,)) = MP[B2]^ - ^[^i]^)- □ 

The existence of the Poisson operator reduces the construction of a parametrix 
for Ap to the construction of a parametrix for the operator on boundary sections 

(3.8) SAiB) = Bo P{A) : H{A) — > W = ran (B) . 

S{B) = Sa{B) is a Fredholm operator with kernel and cokernel consisting of smooth 
sections. The corresponding properties for Ab follow from canonical isomorphisms 

(3.9) Kei{S{B)) ^ KeriAe) , Coker(^(P)) = Coker(AB) . 

The first is defined by the Poisson operator. The second follows in the same way 
from Coker(yls) = Ker(A^) and Coker(S'(P)) = Ker(S'A*(P*)). Here, the operator 

A*s := {AbY = A*s. : dom (A*^.) ^ L\X,E') 

is the adjoint realization of Ab with dom (v4|j) = {<f) e H^{X, E^) | B*'yo(f) = 0}. A* 
is the formal adjoint of A and the adjoint boundary condition on L'^{Y, E?y) is 

(3.10) B-" = aP[B]^a-^ . 
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This follows from Green's formula 

(3.11) < A'^,(f)>2- < ^, A*(f) >i= - < (T7o^, 7o</' >Y , 
which takes the distributional form on H^{X, E^) 

(3.12) Apl^^A = I - JCaIo . 
In the collar neighborhood U oiY 

( d 

(3.13) AJu = -CT-U— + aAa-^ + aRa-^ 

Hence A* is of Dirac-type with Poisson operator /C^. : H''^^/'^{Y, EL) -^ H^i^X, E'^) 
and Calderon projection P{A*) = 70/Cyi* having range H{A*) = 7oKer(74*). There 
is an obvious diffeomorphism Groo{A*) = Groo{A), P* ^^ P, which, in view of 

(3.14) P{A*) = aP{A)^a-^ = P(A)* , H{A*) = a{H{A)^) , 

is base point preserving. As in ()3.8|) . A*^ is modelled by the boundary operator 

(3.15) Sa4B*) = B*o P{A*) = aB^P{A)^a-^ : aH{A)^ — > aW^ , 
where W-'- := ran (P[i?]-^). 

Remark 3.7. With the identifications ()3.9p at hand, elementary arguments [4^ yield 
the identities p.2|) and ()1.3|) . For an alternative proof using functorial methods see 
P7j . Details on the above facts can be accessed in fI ^ \'■M \ ^^^l \ \^^^. 

• Construction of a relative inverse from S{B)~^ 

From ()3.9|) . if As is invertible then so is S{B) and we can define the Poisson 
operator of the global boundary problem As by 

ICa{B) := }CaS{B)-'Pw : H'~'/\Y,EIy) -^ H\X,E^) , 

where W = ran {B). This restricts to an isomorphism 

(3.16) ICa{B)iw : W — > Ker(A) 
with inverse 

(3-17) {lCA{B)\wy^ = (57o)|Ker(A) • 

Proposition 3.8. Let B,Bi,B2 be well-posed for A such that the global boundary 
problems Ab,Ab^,Abj^ are invertible. Then one has 

(3.18) A-^''A = I-}Ca{B)B^o, 
and hence 

(3.19) A^^l = A-^l - ICAiB^)B^^A~^l . 



30 DETERMINANTS OF GLOBAL BOUNDARY PROBLEMS 

Proof. From (ITT^ 

(3.20) A^;^) = A-^l^^AA-^' = {A-l^^A)A-^' = (J - /C7o)A^^ = A^^ - /C^7o^b' • 
And so 

57o^p;^) = -B^oICaIoA-^' = -S{B)P{AhoA-^' . 

Applying /C^(-B) to both sides, we have /C^(i?)i?7ov4ph-| = —K-aIqA]^^ . Substituting 
in (pr^ yields 

(3.21) A-^' = Apl^^ - 1Ca{B)B^,A-p\^^ . 
Hence, since (/Cyi(5)57o)/CA7o = ^a7o, 

Al'^A ={I- /Ca7o) - ICa{B)B^o{I - JCaIo) = I- 1Ca{B)B^o ■ 



Hence 



A~^l = A-^\Ab,A-^1 = {A-^lA)A-^l = A-^l - ICa{B,)B,^A~^1 



D 



Remark 3.9. The relative-inverse formula appears in various forms in the litera- 
ture. We refer in particular to [HI EH EHj • 

3.2. The Relative Abstract Determinant. The scattering determinant for (- 
comparable global boundary problems arises canonically at the level of determinant 
lines. 

• Determinant lines 

The determinant of a Fredholm operator E : H^ -^ H^ exists abstractly not 
as a number but as an element det-E of a complex line Det(ii^). Elements of 
the determinant line Det (ii^) are equivalence classes [^, A] of pairs {S,X), where 
S : H^ -^ H^ such that S — E is trace class^ and relative to the equivalence re- 
lation {Sq, X) ~ {£,detF{q)X) for q : H^ -^ H^ of determinant class. Complex 
multiplication on Det {E) is defined by 

(3.22) ^x.[SA] = [s,^i\]■ 

The abstract determinant det ii^ := [-E, 1] is non-zero if and only if E is invertible, 
and there is a canonical isomorphism 

(3.23) Det {E) = A™''^Ker(E)* O A'""^Coker(E) . 

(Clearly, any two complex lines are isomorphic, the issue, here and below, is whether 
there is a canonical choice of isomorphism.) 

Taking quotients of abstract determinants in Det (E) coincides with the (relative) 
Fredholm determinant: 



^A bounded operator T : iJ^ -> iJ^ is trace class if ||r||Tr := Tr (T*T)i/2 < oo, where here Tr 
means the sum of the eigenvalues, but T does not have a trace unless H^ = H^ . 
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Lemma 3.10. Let Ei : H^ -^ H^,E2 : H^ -^ H^ he Fredholm operators such that 
Ei — E are trace class. Then provided E2 is invertible 

(3.24) |l(|).det.(E-E,). 

where the quotient on the left side is taken in Det {E) . 

Proof. The left side of ()3.24|1 is the ratio 

[E,,l] _ [E2.{E,'E,),1] _ [E2,detF{E^'E,)] 
[E2A] [E2A] [E2,l] 

which from ()3.22|) is equal to the asserted determinant. D 

For example, in Proposition l2.1^ one has det^^6i(D(5)/det(^^6)(D) = det(D(5)/det(D). 

• Relative determinant lines for global boundary problems 

For well-posed boundary conditions -81,-82 for A, the global boundary problems 
Abj^ , Ab2 have different domains and hence the abstract determinants live in different 
complex lines 

det(AijJ G Det (A^J , det(AijJ G Det (A^J . 

(We assume here that the A^. are invertible.) This means that the relative abstract 
determinant 

det{AB,,AB,) := det{ABj/ det{AB,) 

is undefined as a complex number. (Equivalently, although of the form identity plus 
a smoothing operator, the operators D~^^Db2 and Db^D]^^ do not have Fredholm 
determinants). Rather det{AB^,AB2) is a canonical element of the 

relative determinant line := Det (-82,-61) 

of the boundary Fredholm operator^ 

(S2, -Bi) := Bi o P[B2] : ran {B2) — > ran (5i) . 

More precisely, there is a canonical isomorphism 

(3.25) Det {AbJ = Det (A^J ® Det (-B2, ^i) 
and a canonical isomorphism 

(3.26) Det (Ab) = Det {S{B)) , det(Aij) < — > det{S{B)) . 

Formally, these follow from ()3.9|) and ()3.23|) and are the determinant line analogues 
of p.2|) and p.3|) . for precise constructions see J2S1I2Z1- The isomorphism ()3.25|) says 
that to define det(ABj, yl^g) as a complex number requires a non-zero element of 
Det (-B2, -Bi). By an auxiliary operator for A^^, Ab^ we mean an invertible operator 
S : ran (-B2) -^ ran(-Bi) such that S — (-82,-61) is trace-class. Such an operator 



This is the origin of gauge anomahes on manifolds with boundary. 
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defines the non-zero element det(£^) G Det {B2, Bi) and we hence obtain a regularized 
relative determinant, defined as the quotient taken in Det (AsJ via ()3.25|) 

detsiAs^As,] 



det Ab^ (8)det(£:) 



In particular, if {B2,Bi) is invertible then we obtain the Relative Canonical Deter- 
minant det c {A b^, Ab.,) ■■= det(^B2,Bi){AB^,AB2)- 

Proposition 3.11. Let £ = S{Bi, B2) be an auxiliary operator for the global bound- 
ary problems Ab^,Ab2- // -81,-82 are admissible boundary conditions, then 

(3.27) dets{AB,.AB2) = det^ (^^^ 

where the Fredholm determinant is taken on H{A), and the operator quotient means 
{SS{B2))~ S{Bi) : H{A) — > H{A). For two choices of auxiliary operator S,S , 
one has 

(3.28) detsiAB^AB.,) = det^(£-i£').det£.(AB,, A^J . 
//(i?2,-Bi) is invertible, one has 

(3.29) detc{AB„AB2) = det^ {J^^^ 

Proof. The identities ()3.28|) and ()3.29|) are obvious from ()3.27|) . From 

SiB^) = £B2P{A) + {B^P{A) - £B2P{A)) , 

and since Bi — P{A) have smooth kernels and £ — {B2, Bi) is trace-class, it is readily 
verified that {£S{B2))^ S{Bi) is of determinant class on H{A). 

From ()3.25|) . ()3.26|) we obtain a commutative diagram of canonical isomorphisms 

BetiAsJ -— ^ Det (AsJ ® Det (S2, 5i) 



Det(5(5i)) -^U Det (5(52))® Det (52,5i) 

in which the vertical maps take the abstract determinant elements to each other, 
while in the bottom map det{£S{B2)) < — > det{S{B2)) ® det£. (See |2S].) By 
construction, we therefore have 

det As, det{S{Bi)) 



det Ab2 ® det{£) det{£S{B2)) ' 
and by ^TI^ this is the right side of (JS2II)- D 
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3.3. Relative (^-Determinant of First-Order Global Boundary Problems. 

To see that det£{{A — X)bi, (^ — -^)s2) i^ ^ scattering determinant for A^^, Ab2 and 
to compute the regularized limit, we study the zeta determinant under variation of 
the operator and the boundary conditions. 

First, we study the operator variation, with fixed boundary conditions: 

Proposition 3.12. Let A^ : C°°{X,E^) -^ C°°{X,E^) be a 1 -parameter family of 
Dirac-type operators depending smoothly on a complex parameter z such that in the 
collar U 



(3.30) A,^u = (t{ — + A, + R, 



(- 



where a and the principal symbol cr{Az) of Az are independent of z. 

Let Az = {d/dz)Az and let Bi, B2 be admissible for Az such that Az^Bi, Az,b2 ore 
invertible for each z. Then Az{A^^q^ — A^^^^) is a trace class operator on L'^{X, E2) 
with 

(3.31) Tr {Az{A-%^ - Az^)) = Tr {Sz{B,)-^dzSz{B,) - SziB^y'dzSziB,)) , 

where Sz '■= Sa^ and dz is defined by the covariant derivative P{Az) ■ -^ ■ P{Az) 
on H = UzH{Az) (see Remark \2.^) . Relative to a choice of auxiliary operator 
8 : ran {B2) —>■ ran {Bi) one has 



(3.32) T.(i.(^-,k -<,k)) = ^log«. (1^) . 

Tr and det^? on the right-side of ()3.3H) . ()3.32j) are taken on H{Az) 

Proof. From ()3.19|) and ()3.17|) we compute that on dom.{Az^Bi) 

BiloA-%^Az,B, = 5i7o(A;Jj^-/C,(52)7o^;,bJ^.,b, 

= -5i7o/C^(52)7o 

= -ICz{B,)-'lCz{B2)B2^o 

(3.33) = -Sz{Bi)Sz{B2)-'B2io. 

The vector bundle structure on UzH{Az) = U2Ker(y42) follows from the smooth de- 
pendence of the operators on z |22j . Let dz be the induced operator covariant deriva- 
tive. Since ]Cz{Bi) has range in Ker^Az) then AzlCz{Bi) = 0, and hence Az.lCz{Bi) = 
-Aztz{B^). Since Si7o/C,(5i) = B170, then 5i7o4(/C,(5i)) = 4(5i7o) = so 
that 

(3.34) -^{Az)Xz{B,) = -Az,B,dz'^z{Bi) , 
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We shall also need the identity 

S247o/C.(Si) = — (S27o/C,(5i)) 

(3.35) = -^{S,iB2)S,iB,)-'B,) . 
From Lemma f3. 61 and ()3.19|) we have that 

(3.36) A-^^ - A;i^ = -/C,(fii)i?i7oA-k = -/C,(Si)SiP[S2]^7oA-k , 
has a smooth kernel. Hence ^^(A^]^^ — A^'^^J is trace class and 

Tr^.(i,(A;i^-A;iJ) = -Tr^.(i,/C,(5i)5iP[52]^P[fi2]^7o<,k) 

(3.37) = -Tr^x(P[i?2]^7oA;i,i./C,(i?i)i?iP[i?2]^) 

using the fact that P[B2]^oA~^^^ = for the first equality and that yl^/C^(Pi)PiP[P2]'^ 
has a smooth kernel and P[P2]"'"7o^Jj52 ^^ bounded for the second. Since the oper- 
ator P^7oAj^^A^/C^(Pi)Pi is a ^do of order 0, and thus bounded, and PiP[P2]"'" 
is smoothing f Lemma 13. 6|) . the trace ()3.37|) is equal to 

TrH',(Pi7oAi,^(A,)/C,(Pi)Pi) 

= Tr^JPi7oA-^^A,,Bi4/C,(Pi)Pi) bydlSl 

= -TrH^j5,(Pi)5,(P2)"'P27o4/C,(Pi)Pi) by dSSSl) 

= -TTwJs,iB^)S,iB2)-'^{S,{B2)S,iB,)-'Bi)'\ by (USHJ 

(3.38)= TTHiA.){S,iB,)-'d,S,iB^)-S,iB2)-'d,S,{B2)) . 

Here we use the fact that the expression inside the trace in the final equality has 
a smooth kernel, and so is trace class, in order to swap the order of the operators 
from the previous line. For P 7^ in ()3.H) it is only the difference in ()3.38j) that is 
smoothing. In the product case, though, each term is individually trace class. 
On the other hand, the right side of ()3.32|) is equal to 

^logdet^((5,(Pi)(^S,(P2))~') 

= TvHiA.) ({£S,{B2))S,{B,)-'-^{S,{B,){SS,{B2)r')] 

= TTwJ£S,{B,)S,iB,)-'^^iS,{B^)S,{B2)-')£-A , 

and this is clearly equal to ()3.38|) by symmetry of the trace. D 

We now have: 
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Theorem 3.13. Let A be a first-order elliptic operator of Dirac-type and let E^ = 
E"^ . Let Bi, B2 be admissible boundary conditions for A and such that A^i, Ab2 are 
invertible with common spectral cut Rg, and such that ()2.13j) holds. Then Ab^^Ab^ 
are (^-comparable and, relative to a choice of auxiliary operator £, have scattering 
operator determinant detf (A^j — A, Ab^ — A). One has 

(3.39) det^,e(AB„ AsJ = det^(AB,, AbJ .e~Li<^-'°s'i^*^(^^i-^'^^2-") . 

If Abj^,Ab2 are (-admissible, then (in terms of ()3.27|) ) 



detc,,(ABj ^^^^\SS{B2)J ■ 



Proof. From Proposition 13. II we have that -61,-82 are well-posed and admissible for 
Ax := A — X, while ()3.32p becomes 



\-i ^A \^-l^ ^ i---i-^ { Sx{Bi] 



(3.41) Tr ((As, - A)-i - {Ab, - \V) = -— logdet^ KES^iB^) 

Hence, with the stated assumptions, Ab^ , Ab^ are (^-comparable and ()3.39p is im- 
mediate from Theorem 12.51 and ()3.27p . Finally, ()3.40|) follows from Lemma 12.31 and 

(ESOD- □ 

That the right-sides of ()3.39|) . ()3.4()j) are independent of the choice of £ is clear 
from ()3.28j) and ()2.44|1 . More precise knowledge of the dependence of the regularized 
limit on the operators A and Bi is obtained as follows. 

Proposition 3.14. With the conditions of Proposition [^~TR 

(3-42) — logdet^,0(A^,Bi,A^,B2) = — logdet£-(A^,ij,, A^^bJ , 

and hence is independent of 9. Moreover, with (z,rei{0) := (g{Az,Bi, Az^b2,0) 

(3.43) ^^^'^^'(°) = ° ■ 

The regularized limit term in Theorem \S.L'Jl is independent of the operator A, and 
depends only on the pseudodifferential boundary conditions Bi,B2,P{A). 

Proof. {Az^Bi ~ ^)^^ — {Az,B2 ~ ^)~^ has a smooth kernel, and hence the operator 
J(A) = Az{{Az^Bi — A)^^ — {Az^B2 ~ ^)^^) is trace class. A well known argument ^ 
gives (d/d^)(Tr ((A,,Bi-A)-i-'(A,,B.-A)-i)) = -^^^(A) , where $(A) = Tr (J(A)). 
Hence 

(3.44) -±^^{^Az,B,.Az,B2,s) = ^ I A-^9a$(A) d\ , 

and so from Proposition ESI -f Ce(^^,Bi, ^^,-62, 0) = Tr (J(0)) - LIM^fi^Tr (J(A). 
By dniSl, then, (HO^ is equivalent to LIM^^^^Tr (J(A)) = 0. To see that, for 
Re(s) > 1 — ao we can integrate by parts in ()3.44|) to obtain 

(3.45) -^^^(^^'^- ^^'^- ^) = ^Tr {MAS' " ^.7^;')) • 
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But ^J^~^^ ~ "^zBi^ h^s ^ smooth kernel for Re(s) > —1 and hence ()H.45p holds 
in that larger half-plane. Setting s = in ()3.45|1 therefore proves ()3.43|1 . while 
differentiating and setting s = we obtain 

(3.46) _^^;(A,,5^,A,,s^,0) = Tr(i,(A-^^ - A;_^J) , 

which is equation ()3.42|) . 

For the final statement, let Ar,—e < r < e be a smooth path of Dirac-type 
operators, as in Proposition I3.12| with Aq = A. The variation near dX is at most 
order and so from Proposition E^ -Bi, -B2 are admissible for each Ar. For small 
enough e we can apply ()3.42|1 and comparing with ()3.39|1 we reach the conclusion. D 



If Ar, < r < t, is a smooth 1-parameter family satisfying ()3.3()j) with Ar^Bi 
invertible, then the final statement of Proposition 13 . 141 can equivalently be expressed 
by the integrated version of ()3.42|1 : 






detc,e(Ao,B„Ao,Bj \SSt{B2)J ' \SSo{B, 

Next, we compute the variation of the ^-determinant with respect to the boundary 
condition. The following formula gives a general direct variational formula^. 

Proposition 3.15. Let {Br \ — e < r < e} be a smooth 1-parameter family of 
ipdos on L^{Y, ELr) such that Br — P{A) has a smooth kernel and such that Ab^ is 
invertible for each r and (-admissible. Then setting Sx{Br) = S(^A-x){Br), one has 
(3.47) 

^hgdet^,e{ABr) = Tr fs{Br)-'-^S{Br)] - LIM^^^Tr fs,{Br)-'-^Sx{Br)] . 

Proof. Each Br is an admissible boundary condition for the Dirac-type operator 
Ax := A — X and Br = d/dr{Br) is a smoothing operator on L'^{Y, E^y). We have 

(3,48) ±1 logdet. (^) = |-TV„„,,(S.(ft)-'^S.(ft)) . 

Hence from ()3.4ip 

-^C,{Ab^,s) = -^C,{Ab^,Ab,,s) = -^ [ X-'^TTiS,{Br)-'-^S,{Br)) dX , 
dr ar Irr Jq oX ar 

and so the result follows from ()2.48p . D 



The usual approach to computing the boundary variation is to try to 'gauge transform' the 
variation into an equivalent operator variation, see |7l I28L OU) and also §4.1. 
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3.4. Local Coordinates and an Odd-Dimensional Example. The identity 
f)3.40j) can be given a more familiar form if we work in local coordinates on Gr^{D). 

• The relative zeta determinant in Stiefel Coordinates 

To be concrete, let X be a compact Riemannian spin manifold and consider 
a compatible Dirac operator A = D : C°°{X,E^) —>■ C'^{X,E'^) acting between 
Clifford bundles in the product case (i? = 0). First, observe that to each basepoint 
n G Grio (D) there is a dense open subset of Groo (D). Setting 

(3.49) E = ran (H) , W = ran (P) , Wi = ran (P^) , 
it is defined by 

(3.50) UE = {Pe Gr^^\D) \ {U, P) := P oU : E ^ W invertible} . 
Equivalently, 

(3.51) P eUe^^ ran (P) = graph(r : E ^ E^) T E }iom^{E, E^) , 

where Homfc(E,E^) = {H^ZH : E ^ E^ \Ze ^fc(i/y)} and ^fc(/fy) is the space 
of -i/^dos on Hy = L'^{Y, Ely) of order —kE IR+ U {oo}. Equivalently, 

(3.52) P.£/,^P = P,= (0|, «^^r;.). Qr:^I^T'T, 

T E Homoo(-E, -£'"'")• In this way a atlas for Grio (D) can be constructed with respect 
to a countable set of basepoint spectral projections in a similar way to |22]. 

It is always possible to arrange for P{D), Pi, P2 to lie in a single coordinate patch 
UECGr^^\D), so that, 

(3.53) H{D) = graph(ir : E -^ E^) , Wi = graph(Ti : E -^ E^) , 

where K,Ti E Homoo(-E', -E"*"). Since the operators S{Pi) = PiP[D) are invertible, 
one such choice is ii^ = H{D), in which case K = 0. We may further assume, 
by perturbing 6 slightly if necessary, that the global boundary problem Djj has no 
eigenvalue along Rg, and hence that IloP(^D — X) : H{D — X) —>■ ran (11) is invertible. 
This means that 

(3.54) H{D - A) = graph(if, : E ^ E^) , P{D - A) = Pk, , 

for some unique Kx £ Homi(ii^, E-^) (the space of restrictions of ipdos of order —1). 
Recall that P{D — A) is an element of Gri{D), though not of Groo(-D) if A 7^ 0. 
We then have: 

Proposition 3.16. 
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where the Fredholm determinants are taken onE. The operator $(£", Ti, T2) : E ^ E 
is invertible and independent of Kx- If {P2, Pi) is invertible, then 

Proof. Let P, P E Gri{D) with ran (P) = graph(T), ran (P) = graph(T), where 
T,T E Honii(ii^, -E"*"). Then any hnear operator R : ran (P) -^ ran (P) acts by 

for some $(P) G End(P). $ respects operator composition: if R : ran (P) — i> ran (P) 



(3.57) <I>(PP) = <I>(P)$(P) . 

Moreover, if RR : ran (P) — i> ran (P) is determinant class, then so is $(PP) and 

(3.58) det^(PP) = detpi^iRR)) , 

where the left-side is taken on ran (P) and the right-side on E. 

In particular, the auxiliary operator S acts via ^{S) G End(ii^). Similarly, (P2, Pi) 
acts via $(P2, Pi) G End(i?) and with Qi := Qr^ one has using ()3.52|1 

^\ = f Qi\i + Tin)^ 

J^i) \TiQ^\l + T*T2)^^ 



(P2,Pi):=PioP2. ,_. ^_,^ 



and so 

(3.59) ^P2,Pi) = Q^\l + T*T2) . 

Hence (P2, Pi) is invertible when —1 ^ sp(T*T2). On the other hand, since S is 
invertible so is $(^), and because £^ — (P2, Pi) is trace-class then ^{£) —Q^^ (I +T*T2) 
is also trace-class. Hence $(^) is of determinant class and detir($(£^)) 7^ 0. It is 
easy to compute that 

$(5a(Pi)) = Qi\l + T*K,) , H£SxiP2)) = HS)Q^\I + T^K,) . 

From ()3.57|) . ()3.58|) . and the symmetry and multiplicativity of detj?, then by setting 
$(£^,Ti,T2) = Q2^{S)^^Q^^ we reach the conclusion. 

Alternatively, since (£^S'a(P2))^^5'a(Pi)) = 5'a(P2)^^i^^^5'a(Pi), the computation 
can be carried through by observing that for any invertible operator R as above, 
one has (relative to graph coordinates) 

(3 60) PR-'P - ( ^(^)" ^(^)"^: ^ 

(3.bUj ^R ^- ^j^^^j^yi T^R)-'T*) ■ 

D 
We can now restate Theorem 13.131 as follows: 
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Theorem 3.17. Let D be a first-order Dirac-type operator in the product case and 
let E'^ = E^. Let Pi,P2 € Gr^{D) such that Dp^^Dp^ are invertible with common 
spectral cut Re, and such that fl2.13|l holds. Then Dp^, Dp^ are (^-comparable and in 
local Stiefel (graph) coordinates, as above, one has 

'I + T*K^ 



.o.^^ det^ADp.) _ detpiI + T*K) 



-LIM^^^logdet^ 



/ + T*K, 



Proof. This is immediate from (jT^ . ^U^ . (jTKK|l . Because P{D) E Gr^{D) we 
have replaced the determinant of the quotient by the quotient of the determinants 
in the first term on the right-side of (jH.filj) . D 

Remark 3.18. More generally, Stiefel coordinates on GrU{D) refer to an operator 
[M N] e Hom(E © E-^,E), where M is Fredholm with ind (M) = 0, and N e 
Homoo(-E"'", -E). This defines a point in the principal Stiefel frame bundle STe — > 
Or Qo [D) (based at E), with bundle projection map 

'M*M-^M M*M-^N^ 
N*M-^M N*M-^N 



(3-62) [MN]^P.-, ,,.,,_,,, ,,.,,_, 



where M. = MM* + A^A^* . In particular, graph coordinates correspond to the canon- 
ical section Pt ^-^ [I T*] of STe over Ue- Stiefel coordinates [Mi Ni\ for Pi modify 
(jTKTll by replacing I + T*Kx by Mi + NiKx : E ^ E. 

• Example: odd-dimensions revisited 

To illustrate these formulae, we explain how they work for a Dirac operator with 
X odd-dimensional. In this case p.ip takes the form 

(-' (; °)(^-(oro 

with respect to the decomposition Hy = F~^ © F~ into chiral spinor fields, where 
Dy is the chiral Dirac operator, which, for brevity, we shall assume invertible. The 
projection Pe+ onto F"*" is not an element of Gri{D). It does, however, define a true 
(local) elliptic boundary condition and is related to n> in the following precise way. 
The involution defining the grading of Hy into positive and negative energy (the 
APS condition) is the operator 

^-1,^ I - f (D+)^i(D+Dy)V2\ 

Hence, defining g^ to be the unitary isomorphism (DyDy)'^/^Dy : F^ -^ F^ , we 
have 

The global boundary problem L'n> is self-adjoint and, more generally, a boundary 
condition P G Groo{D) such that Dp is self-adjoint is characterized by having range 



40 DETERMINANTS OF GLOBAL BOUNDARY PROBLEMS 

equal to the graph of an L^-unitary isomorphism T : F^ -^ F~ such that T — g^ 
has a smooth kernel Plj- Thus each self-adjoint boundary condition P = Pf defines 
a point det(T) of the determinant line 

(3.64) Det (T) = Det {g+) = Det ((DjDy)-^/^) ® Det (D^) = Det (Dj) 

of the boundary chiral Dirac operator Dy. The first isomorphism in ()3.64|) is a 
general functorial property of determinant lines under composition of Fredholm op- 
erators [^n], while the second is defined through the (^-determinant 

detc : Det(D^Dy) — >C . 

That this map is a linear isomorphism is a consequence of Proposition 12.191 A 
consequence of fl3.64|) and Theorem 12.161 is that the 77-invariant defines a canonical 
linear isomorphism 

(3.65) e^'^*^^^) : Det (D+) — > C , 
via ()3.64|) and the assignment T 1 — > g27r«»7(Z)pj,)_ That is: 

Proposition 3.19. Absolutely — without a choice of boundary condition — the expo- 
nentiated eta-invariant is a canonical element of the dual determinant line of the 
boundary Dirac operator^ 

(3.66) e^'^*^^^) e Det (D+)* . 

To see this, first observe since T is unitary that ()3.52j) becomes 

^ 2 V^ ^ 

In particular, this holds for P{D) for some unique unitary K : F^ -^ F~ . It does 
not quite hold for D — A since the operator is not of product type, but it is still true 
that H{D — A) is the graph of a ^do operator Kx : F"*" -^ F~ of order 0, though 
not that Kx is an isometry or that K\ — g^ is smoothing. 

Consider two 'self-adjoint' boundary conditions Pi = Pti,P2 = Pt2 ^ Gfoo{.D). 
The spectrum of the operators Dp. is real and unbounded and, as in § 2.2, we denote 
the two choices for by ±. 



Theorem 3.20. J2S| For self-adjoint global boundary problems Dp^,Dp^ for the 

Dirac operator over an odd- dimensional spin manifold 

. . detc,±(/^pj ^ detp{l{I+{Tr'K)^')) 

^' ^ detc,±(/^pj detp{l{I+{T,-'K)^^))- 

Equivalently, if P = Pt 



(3.68) det<^,±(Dp) = det^,±(L)p(B)) • detj 



^iI+{T-'K)^': 



The was first pointed out by Segal |33| . 
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deti? I ^ — 1 . exp — limt_^^ log detj? I ^ | 



-lim;^_.^logdetF 



/ + T^^K, 



Proof. The equality ()3.6ip becomes 
detc,±(Z^pJ ^ ^^^ fI + T,-'K' 

The only extra subtlety introduced by Pf+ ^ GvooiD) is that it is only the quotient 
of operators {I + T^'^ K) / {I + T2^ K) which has a Fredholm determinant. But since 
T~^K is of determinant class then so is (1/2) (/ + T^^K). From [3^ we have that 
Dp^,Dp.2 s^^s strongly (^-comparable and hence LIM becomes the usual lim (§ 2.4). 
Finally, either directly, using gx^{D — X)\ugx = Dp with gx = e~*"'^ © e*"'^ in the 
collar U, or using the symmetry argument of [2H1; one has 

(3.70) Kx — > as A ^ oo on i?_ , K^^ ^ as A ^ oo on i?+ . 

The conclusion then follows from ()3.69|) . D 

From ()3.67|) . switching the spectral cut conjugates the relative zeta determinant. 
This corresponds to the equivalent descriptions of ran (Pt) as graph(T : F"*" — > F~) 
or graph(T~^ : F~ -^ F^Y . More generally, allowing Dp^ to be non-invertible, this 
disparity derives from the relative eta-invariant: 

Theorem 3.21. 

(3.71) ^(DpJ - ^(DpJ = ^ logdetp(T2-iTi) mod (Z) . 

Proof. From [Hlj, Dp^, Dp^ are strongly ^-comparable and C(-Dp^, Dp^, 0) = 0. Hence 
from (pmj) . (pOK|l we have mod (27rzZ) 



27rir){Dp^,Dp^) = lim<:,^+oo (log detp5_ic, - logdetp5i„) 
= limQ,^+oo 



logdetp ( ^ — ] — logdetp ^ 



= logdetp {T^^Ti) mod (27riZ) 

where the final equality follows from ()3.7Up . Since Dp^.Dp^ are ^-admissible, then 
fl2.73p completes the proof. D 

The identity ()3.71|) is deduced in [Hj from ()3.67|) . Notice that ()3.7ip is indepen- 
dent of K : F^ -^ F~ . More precisely, from ()3.24|) . equation ()3.7ip is the assertion 
that ()3.65|) is linear. 

Remark 3.22. (1) For a smooth family of C,- admissible operators det^ defines a 
section of the dual determinant line bundle, that is, an element of Fock space. For a 
family of of self- adjoint boundary problems Dp, det^ defines a an element of the Fock 

Like the ^-determinant, the 'canonical determinant' of |^|2H1 is therefore not quite canonicaL 
The only completely canonical boundary determinant is the quotient (|3.29|) . which, like the relative 
(^-determinant, has no 'parity anomaly'. 
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space associated to X (this is ()3.67|) ). while the exponentiated rj-invariant defines an 
element of the boundary Fock space (this is ()3.66|) . (13.711) ). 

(2) The extension to the case where Dy is non-invertible is easily done by aug- 
menting Dy by a unitary isomorphism a : Ker(Dy) — > Ker(Dy). In particular, 
Thm(2.21) of 20^, Thm(3.1) of ^16 , are special cases of (JSHH). 

It is worth pointing out that, since ran {Pt) = graph(— T^^ : F^ — > F~^), if M = 
X U X is a closed manifold with Dirac operator A with A\x = F) and A<-^i := D , 
then an easy corollary of ()3.71|) is the 

Weak Splitting Theorem : ri{Dp ) + r]{D ^) is constant as Ft varies. 

The hard splitting Theorem El EOl El] asserts this constant is precisely ri{A). 

Another way of viewing the conjugation of the relative zeta determinant on taking 
the conjugate spectral cut is through the following formula for the relative Laplacian: 



Proposition 3.23. 



det^,^(D|,J det^,±(Dp,: 



detp(|(/ + TfiK) 



deiF{\{I + T^^K)) 



(4.1) D\u = o[^ + Vy 



Proof. Immediate from ^H^, (ITHHl) . (ITTTll . D 

This formula is a special case of Theorem A to which we turn next. (See also 
Remark B3r 21V 

4. An Application to the Laplacian on a Manifold with Boundary 

Let X be an n-dimensional C°° compact Riemannian manifold with boundary Y 

and let D : C°°(X, E'^) — > C°°(X, E'^)he a, Dirac- type operator with product case 
geometry, so that 

d_ 
du 

in a collar f/ = [0, 1) x F of the boundary, with notation as in ()3.1|) . 

For each well-posed boundary condition B for D the associated Dirac Laplacian 

As = D*j^Db = D*D : dom (A^) ^ F'^{X, E^) 

with domain 

dom (As) = {^ G H^{X, E^) \ B^q^) = 0, 5*7o^^ = 0} 

is a closed self-adjoint and positive operator on F'^{X, E^) with discrete non- negative 
real spectrum. 

The following result of Grubb allows us to define the zeta determinant of A^. 

Proposition 4.1. piU ITT] If B is an admissible well-posed boundary condition for 
D, then As is (-admissible with spectral cut i?^. 
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More precisely, Grubb proves that there is a resolvent trace expansion for m > n/2 
as A — i> oo in closed subsectors of C\M+ 
(4.2) 

— 1 oo 

Tr (ar(AB - A)-i) ~ Y. a,{-\r'^-^-' + 5^(a,,,log(-A) + c,)(-A)-^/2-™-i 

j=~n j=0 

and hence that the (^-function ({As, s) defined by the standard trace Tr (Ag**) for 
Re(s) > n/2 extends meromorphically to all of C with the singularity structure 

(4.3) r,Ki^,,,.t-l^^,^JE^MM,±^_^^ . 

where 6 = n and the coefficients in ()4.3|) differ from those in ()4.2j) by universal 
constants. If 5 — P{A) is a ipdo of order < —n then the coefficient Sq vanishes and 
so C(A_B, s) is then regular at s = and 

detcAB=exp(-C'(AB,0)) 

is well-defined. In particular, det,^ Ap exists for all P G Groo{D). 

On the other hand, setting S{P) := SoiP), we have from Proposition 13.51 that 
the boundary 'Laplacian' 

S{P)*S{P) = P{Dy ■ P ■ P{D) : H{D) — > H{D) 

is of determinant class for all P G Groo{D)- 

The main purpose of this section is to prove the following Theorem. 

Theorem 4.2. Let Bi, B2 be admissible well-posed boundary conditions for a Dirac- 
type operator D : C°^(X, E^) — > C°^(X, E'^). Then, with Pi = P[Bi], one has 



(4.4) 



detc(ABj _ detp {S{Pi)*S{Pi)) 



detc(ABj detFiSiP2)*SiP2)) " 
Or, from dTTUnil . 

(4.5) det^(AB„ AbJ = detf(5(Pi)*5(Pi) , 5(P2)*5(P2)) ■ 
Equivalently, since S{P{D)) = Id, 

(4.6) detc(AB) = detc(Ap(z))).detp (5(P[P])*S(P[P])) . 

Remark 4.3. (1) Because of Lemma \3. 61 and (13. 7^ it is sufficient to assume that 
Bi = Pi & Gr^{D), and from here on that is what we shall do. 
(2) In Stiefel graph coordinates ()4.4|) has the form 



detp (/ + TIK) 



detc(ApJ ^ det,{Q-,\l + TlK){I + K*T,)) ^ ^i.^det^Qr^Q.) 

det^(ApJ detp (Q^^ (J + T:^K) (/ + K*T2)) detp (/ + T^K) 

(3) The simple form of ()4.4p depends on the homogeneous structure of Groo{D), it 
does not persist to more general classes of well-posed boundary conditions. 
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(4) We may replace P{D) hy P{D)o^x. (cf- ()3.4|) ) in Theorem \4.^ . This follows from 
the mvertibility of P{D)IpId)P{D)* + (/ - PiD)*){I - P{D)))-^P{D)*P{D) on 
H[D), which is therefore not detected in the quotient on the right-side of ()4.4|1 . 

(5) Implicit in Theorem \4.^ is the invertibility of Db^- We assume invertibility when 
obviously required without further mention. The identity ()4.fij) is globally defined. 

(6) The identifications hold for Pi — P2 differing just by a ipdo of order < —n. 

4.1. Proof of Theorem 14. 2L To identify the scattering operator we use a canonical 
identification of the solution space of Ap with that of an associated first-order elliptic 
system. 

• An equivalent first-order elliptic system 

We analyze Ap = DpDp through the first-order elliptic operator acting on sec- 
tions of E^ © E^ 

A=(^ ^*Y. H\X- E' © E^) -^ L\X; E' © E^) . 

A{si,S2) = iD*S2,DSi-S2) . 

From ()H.1|1 and (jH.lHj) we find that A is of Dirac-type with 



where 






(4.7) : 


^ /O - 

a = 





satisfying 


; the relations 


(4.8) 


d' = -i 


7 



-1 



^^ - ' o"^ -aVya-' ) ' ^ - (0 



a* = -a , a Ay + Ay^S = , dR + Rd = -I . 
Green's Theorem for the formally self-adjoint operator A now states that 

(4.9) < Asi, S2 > - < si, As2 >=< -o'ToSi, 70S2 > , 

where here 70 (Vs 0) = (70 V", 7o0)- 

Setting A = A in our discussion in §4, we have a Poisson operator for A 

(4.10) £ := /C^ : H''~^I\Y, {E^ © E^)\y) ^ Ker(A, s) C H'{X, E^ © E 

and Calderon projector 

P(A) = 70-^ . 
We can compute -P(A) quite explicitly: 

Lemma 4.4. 

-1 



2^ 



fP{D) 7^p m/C. 



p{Dy 



("1' ^(^'=( PiD- 

where K,^ is the Poisson operator for D* . 
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We postpone the proof for the moment. Notice, however, since R ^ 0, that -P(A) — 
P{D) © P{D*) is only a -^do of order —1 and not smoothing due to the off-diagonal 
term. Further, it is a projector but not a projection (cf. Remark 14. 31^ 4)). 

Since A is of Dirac-type, we have a ipdo Grassmannian Gr i{A) of global boundary 
conditions for A, and for each Q G Gri{A) a first-order global boundary problem 

Aq = A : dom (Aq) ^ L\X, E' © E^) . 

We recover the resolvent (Ap — A)^^ in the following way. First, we have a 
canonical map 

GrM(D)^Grf)(A), 

Pi >P:=P®P*. 

To see that P is in the index zero component Gr\ (A), observe that the identity 
I : Hy ^ Hy acting between the block decompositions H{D) © H{D)^, W © W-'-, 
where W = ran (P), of Hy = L\Y, {E^ © E^)iy) is 

(4 12) J-P^^) ^"^^) 

For any ipdo B on Hy set 

S^{B) = Bo P{D)^ : H{D)^ — > ran (P) , 
and for P G Gr^oiD) note that 
(4.13) 5*(P^) := P'^ o P(P*) = a5^(P^)(T-^ : aH{D)^ — > aM/ , 

and let 

S(P) = P o P(A) : P(A) -^ ran (P) = ly © VT^ , 

where we use (I3.15J) . Then from 1)4.111) and ()4.12j) 

S^{P) 



ind (5(P)) = ind (5(P)) + ind (5^(P^)) = ind ( / ^^^^^ ^ 

which is zero, since the matrix operator is a ipdo of order —1 and hence compact. 
Alternatively, this fact follows from ind {S{P)) = ind (Ap) and the identity 

aP^a-^ = P , 

which along with ()4.8|1 . ()4.9|1 implies that Ap is self-adjoint considered as a closed 
operator on L'^{X, E^ © E'^). 

Next, we have a canonical inclusion defined by D 

7 : H\X, Pi) — > L\X; E^ © E^) , T(^) = (V^, D^) . 

Setting for A G C 

Aa = (~^ ^* ^ : H\X- E' © P2) ^ L\X; E' © P^) , 
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the inclusion i restricts to an isomorphism 

^Ker ■ Ker(A - A) ^^ Ker(AA) C H\X, E') © H\X, E^) , 

with inverse (si, S2) ^^ Si, where A — A, A;^ are acting in H'^{X, E^), H^{X, E^®E'^) 
respectively. That iij^g^- is injective with range Ker(AA) follows from the identity 

On the other hand, if (si, S2) G Ker(AA), then D*S2 = Asi and S2 = Dsi and hence 
Si e Ker(A — A). In particular, setting s, = ii^ipi) we can extract Green's formula 
for A from (gH) and ^T^ (with A = 0) : 

< A^„ ^, > - < ^„ A^, >= ^-a7o (/;^ ) , 70 (;^;^ 

The operator i also restricts to a canonical inclusion 

(4.15) T : dom (Ap) — > dom (Ap) . 
From (pm|) and pT^ we have for A G C\l+ 

(4.16) (Ap - A)-^ = \a-1] : L\X, E^) — > dom (Ap - A) 



A,P 



J (1,1) 



f S T\ 
where for an operator C = I J on L'^{X,E^ © E"^), we define [C](i_i) = S. 

Equivalent ly, 

(4.17) (Ap-A)-^ = (/ 0)A-)(q^) . 

A precise formula for A~3 is given in ()4.36|) . 

• The scattering determinant 

Let Pi, P2 G Gr^{D) and for /x G C \ 1+ set 

S^{P,) := P, o P(A^) : if (A^) -^ ran (P,) . 

Let S : ran(P2) ^ ran (Pi), £^ : ran (Pg ) -^ ran (P*) be auxiliary operators for 
Dp.,D*p respectively. Then 

(4.18) S= r^ ^~\ : ran(P2) ^ ran(Pi) 
is an auxiliary operator for Ap , Ap and we have: 
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Proposition 4.5. (Ap^, Ap^) are (-comparable with scattering determinant 

taken on iJ(A^). With 6 = it and A G M+, one has 

^ ■ detc(ApJ \SSiP2)J ' 

If {P2, Pi) is invertible 

U 20) det^(ApJ ^ ^ I SjPi) \ ^-uM^^+^iogdctFaPiS.x{P2))-^s.x{Pi)) 
detc(ApJ ^\P,S{P2)J ■ 

Proof. From [TO] Cor(9.5) ,[11J Thni(l), the coefficients aj^k,aj in tlie asymptotic 
expansion ()4.2p are locally determined by the symbols of A and B, while, provided 
Pi — P2 £ "^liHy) with / > n, the expansion coefficients differ only in the Cj. 
Integrating we hence obtain a resolvent trace expansion in closed subsectors of C\R+ 

(4.21) Tr((Ap,-/z)-i-(Ap,-/i)-i)~ 

00 1 

E E c.A-f^r^'-' iog(-/^) + c(Ap„ Ap„ o)(-/.)-^ 

j=l k=0 

where the coefficients Cj^k = Cj^k{A., Pi, P2) differ from the Cj by universal constants. 
Since Pi —P2 has a smooth kernel we know from (IH.Hfill that so does A"^- — A"^- , 

A,Pi A,P2 

and from ^^TT^ also Ap^ - Aj,^. From piT)ll . (HlTIl we have 

Tr ((Ap, - ;.)- - (Ap, - /.)-) = Tr ([a^ ^ - A^ J ^^ J 

= Tr((/ 0)(A-^-A-^)(^^ 
/ 0\ .--I ^-i 



^' ( (.0 0) ^Kp. - \p. 

-#logdetp^"^(^^^ 



df^ ^ '\ ssjP 



m1^2J 



where we use flH.H2p for the final equality, since the variation in U is of order 0. 

Hence (Ap^, Ap^) are ^-comparable. Since they are also ^-admissible, ()4.19j) is a 
consequence of Theorem 12.51 D 

• Relation to the right-side of ()4.4j) 
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Proposition 4.6. Let Sr{Pi) be the boundary integrals defined by a smooth 1- 
parameter family of Dirac-type operators D^. Then 

,„ „i "i I J ^ ( Sr[Pi) \ d , detf (5,(Pi)-g,(Pi)) 

(4.22) - logdat. (^^-_j = - log ,^,^(g^(p^).g^(p^)) . 

// {P2, Pi) : ran (P2) -^ ran (-Pi) is invertible, one has 

S{Pi) \ detpiSiPiYSiPi)) 1 



^^■^^^ '^''^' \PiSiP2)J detp (SiP^ySiP^)) ■ detp {P2P1P2) 

the determinant in the denominator being taken on ran (^2)- 

Proof. Equation ()4.2H|1 is a consequence of the following identity. 
Lemma 4.7. 



s^^m\^,^,j3Ei- 



(4-24) det.^^^^^J=det,^^^^l^^, 

where the left-hand determinant is taken on H{D)^. 
Proof. As in Proposition 13. lfj( we may choose graph Stiefel coordinates 
(4.25) H{D) = graph(ir : E ^ E^) , Wi = graph(Ti : E ^ E^) . 

Using the property 



(4.26) detpA = detpA* 

for A : E —>■ E oi determinant class and letting det[£;](y4) mean the Fredholm 
determinant taken on E, we have from ()3.56|) 



^^ , S{Pi) \ det[E]iI + K*Ti)det[E]iI + T*T2) 



PiS{P2)J det[E]{I + K*T2) det[E]{I + T^T{) ' 
From ()4.25j) we have 

H{D)^ = graph(-ir* : E^ ^ E) , W,^ = gTaph{-T* : E^ ^ E) 
and so in Stiefel coordinates 

where Qk = I + KK*, Qi = I + TiT*. Using these local representations we compute 
in a similar fashion to ()3.56|) 

/ S^jP,^) \_ det[E^^{I + TiK*)det[E^^{I + T2T*) 
"" ^ \P^S^{P^)) det[sx](/ + TiK-) det[£;x](/ + T^T*) ' 

Since det[£;x](/ + ST*) = det[£;](/ + T*S) for any S,T : E ^ E-^ of trace class, we 
reach the conclusion. D 
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From Lemma f4. 41 

c(p^ fPi \ fP{D) 7o/^p(%/CA ^ fS{P,) PaoDpl^^ICA 
^^' \0 P*J\ P{D*) J V aS^{P,^)a-' J ' 

where we use ()4.13p . Computing PiS{P2) in a similar way, and using ()4.24|) . ()4.26p 
and the multiphcativity of the Fredholm determinant, we obtain 

(4.28, det.|,^iii^l.«.(^).«.(^ 




S{P, 



PlS{P2)J PlS{P2 

s{p,ys{p,) 



det 

' ' S{P2YP2PlP2S{P2) 

deti.(5(Pi)*S(Pi)) 1 



deiF{S{P2yS{P2)) • deiF{[S{P2yS{P2)]-'S{P2yP2PlP2S{P2)) 

detF{S{PiyS{Pi)) 1 

detp {S{P2yS{P2)) ■ deiF{P2PlP2) ' 
which proves ()4.23j) . 

To see ()4.22|1 . first note that in the same way as ()4.28j) we have 

,4.29) det. I Ml^ = det, f A«I^ .^et, ' ''<^^'''> ^ 



&(A)/ \£SAP2)J ' ' \e^SHP,'-)J 

where S-^ := aSa^^. Thus we have to show that 

where the right-side means complex conjugate. This follows by the same method 
used in Lemma I^Tl via the Stiefel coordinate representation for S{Pi)~^ (use fl3.6Up 
with T = K,T = Ti) and its analogue for S-^{P^^)~^ (use (I4.27|l ). Or, these coor- 
dinate matrices may be used to prove directly, in a similar way to Proposition 13.161 
that ()4.29|) differs from the right-side of ()4.4|) by a function independent of P{D) . D 

Proposition 4.8. Let D^, —e < r < e, be a 1-parameter family of Dirac-type 

operators with product case geometry such that A(r) = I p, C ) satisfies fl3.30p . 

Then Pi,P2 G Gfoo{Do) (^i"^ global boundary conditions for D^. If the D^^p^ are 
invertible, then, with 

Sr{Pi) = Po P{Dr) : H{Dr) ^ ran (P) , 

one has 

d detc(A.,pJ d detp iSriPiySrjPiy 
^ ^ ^ dr ^ detc(A,,pJ dr ^ detp (5,(P2)*5,(P2)) ' 
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Proof. Let Sr{P) = Po P(A(r)) : H{A{r)) -^ ran P. Then from Proposition ESI 
we have 



(4.31) IV (A(A(.)) (a(,%: - A(r)-)) = -^ logdet, ^^^^^^^^ 

In view of fl4.22|l . we need to prove that left-side ()4.a()j) = left-side fl4.:Sl|l . We show 
each expression is equal to 

(4.32) Tt,. [DiD-p^-D-p^))+TT,. (l)*(PK)"' - PpJ"')) ' 

where D = {d/dr)Dr. We omit r from the operator notation throughout. 
First, for any P, Pi, P2 G Groo(-D) we record the following identities: 

(4.33) A = D*D + D*D, 

(4.34) DAp^ = {A*p)~^ , D*Ap^ = Dp" {A*p)-^ , 

(4.35) {D*pX'A-pI = A-pI{D*pX\ 



(4.36) A--' (^--^)" /^P(AP-A)- 



A,p v^p(Ap - A)"^ K^p - A) 



-1 



where A = D*D, Ap = DpD*p. To see IKMi . since D*DAp^ = I on L'^{X, E), and 
DAp^ has range in dom (Dp), one has (using ()3.18p for D*p) 

(D*p)-' = {{D*p)-'D*) DAp' = DAp' - IC,{P*)^oDAp' = DA]} . 



The other identities can be checked in a similar fashion. For brevity let Aj 
Ap^,D, = Dp^,Dt=D*p^:=D%. 
Setting A = in ()4.36p we have 



\D Q ) ' P^ KiD*)-^ 

and hence K [^ - A.^) = {^^ f^^l Z ^^J^P ^ ^j,/_ ^-i) ) , f-m which 

the equality of the left-side of ()4.3H) with ()4.32|) is clear. 

Next, let Cre/(0) = C(Ai) ^2,0). The resolvent trace ()4.2ip implies a heat trace 
expansion as t ^ 

00 1 
(4.37) Tr(e-*^^ -e-*^^)) r^J2J2^^'''^'^'^''s'^ + ^rei{0) , 

j=l fc=o 
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while from ()2.46|) we have 
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logdet^,e(Ai,A2) 



f-'Tiie-'^'-e-'"^') dt- 



-tA2 



CreliO) 



-iCreliO) 



|s=0 



Since A^ ^ — A2 ^ has a smooth kernel, precisely the same argument as that leading 
to ()3.43|) yields {d/dr)(rei{^) = 0. So the r-variation 'kills' the pole at s = 0. From 
flOTjl we therefore have {d/dr)Tr{e~*^^ - e~^^^)) = 0{t^^^), and hence 

(4.38) — logdetc,9(Ai,A2) = 



POO 

/ Tr (Aie-*^i - A 
Jo 



— Tr (e 



-tA, 



dt 



-tAi 



Tr {D*D{e-''^' - e^^^^) + Tr {D*D{e-''^' - e 



-tAo 



-iAo 



dt 



dt 



where in the second equality we use Duhamel's Formula and the symmetry of the 
trace. The heat operator 



-tAi 



277 



— / e-'\Ai - Xy^ dX : L\X, E) — > dom (A^) 



c^ 



has range in dom(Aj), and hence it follows that D*De^^^^ = D*Die~^^\ since 
Piloi' = 0,P*'yoDi' = implies the domain Pi'joi' = 0,P*'joDip = for D*D. 
Thus, using also ()4.35p and the contour integral definition of e~*^% which imply 



-tAi 



D* = D*e *^% we have 



(4.39) 



Tr D*De 



* n^-^'^i 



Tr ( D*Die 



-tAi 



tAi n* 1 7~l*^^l 



Tr m*Ae-*'''A*(A*) 



= Tr (D*DiD*e-^^'{D*)-^] = Tr mD*e"*^' 
Hence equation ()4.38j) equals 

f Tr (D*D{e-'^' - e"*^^)) + Tr (DD*{e-'^' - e"*^^)) dt 



"^Tr (D*Z}(Ar^e-*^^-A2-^e 



-U-tAo 



-l„-tA2 



- / -^Tr (DD*{Aye-'^' - A^e 
-limTr (D*D{Aye-'^' - A^e-'"^^)) |^/" 

-limTr (DD^iA^e^'^' - A^e-'^')) H^' 
Tr (D*D{Ay - A^^)) + Tr (dD^A^ - A^^ 



dt 



i*\-i- 



Tr [DiD^ - D,' 



= Tr iD*{{Dl)-' - {D 
where we use (I4.34J) for the final equality, and this completes the proof. 



D 
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Remark 4.9. The variational equality fl4.30p also follows from ()3.3H) applied to 
()4.32|) . along with an analogue of Proposition \J~^ 

Corollary 4.10. For Pi G Groo{D) with Dp- invertible 

where N{Pi,P2) depends only the boundary data. One has 
(4.41) iV(Pi, P2).iV(P2, P3) = N{P,, P3) . 

Integrating ()4.3()|1 over [0, t] C (—£,£:), ()4.4()j) can be restated 

detc(At,pJ detc(Ao,pJ ^ det^ (g,(Pi)*g,(Pi)) det^ (go(P2)*go(P2)) 
^- ^ detc(At,pJ-detc(Ao,pJ det^ (^t(P2)*^t(P2))'detp (S'o(Pi)*So(Pi)) ' 
Next, we make use of the homogeneous structure of the Grassmannian to prove 

.iV(Pi,P2) = l. 

We use a variational argument generalizing |2H1- Let 

UUHy) = U{Hy) n (J + ^oo(^y)) 

be the group of unitary operators on Hy = L'^{Y, {Ei)\y) differing from the identity 
by a smoothing operator, and let Groo{D) be the dense open subset of the index 
zero component of Groo(P') 

Gr^{D) = {P e Gr^{D) \ Dp invertible} 

= {P e Gr^{D) I S{P) : H{D) -^ ran (P) invertible} 

(4.43) = UniD) , 

where the final equality refers to ()3.5 



Lemma 4.11. For any Pi,P2 G Groo(-D) there exists a smooth path 

(4.44) I = go<gr<gi = 9 , < r < 1 , 

in Uoo{Hy), defining smooth paths of projections Pi^r = drPidr^ '^'^'^ -^a.r = grP2gr^ 
in Groo{D) with gPig~^ = P2, 

(4.45) Pi < Pi,, < P2 , 
and 

(4.46) gP,g-' < P2,. < gP2g-' . 

We hence obtain a real-valued strictly positive function g^. \ — > N{Pi^r, P2,r)- The 
decisive fact is the following: 

Lemma 4.12. 

(4.47) -^logiV(Pi,„P2,,) = 0. 

ar 
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The proofs will be given in a moment. Integrating ()4.47p we have 

(4.48) iV(Pi,i,P2,i)=iV(Pi,o,A,o). 

From (jOKll . (IOF)|l . (jOHll we obtain 

and hence that N{P,gPg^^) depends only on (? G f/oo and not on the basepoint P. 
We define 

Nig):=N{P,gPg-') 

where P,gPg^^ G GvooiD)- Then for gi,g2 G Uoo{Hy), from ()4.41|1 we have with 

P,g2Pg2\9i92Pg2^gi^ g Gr^op), 

= NiP,g2Pg2').Nig2Pg2\giig2Pg2')9i') 
= N{g^).N{g2). 

Thus g i-^ N{g) extends to a (Banach) character on Uoo{Hy). It is a well-known 
and elementary fact that the only such characters on Uoo{Hy) are g \-^ detpig) , 
g H^ detpig"^) or the trivial character g \-^ 1. But A^ is real-valued positive, while 
deti? on Uoc{Hy) takes values in t/(l). Hence N{g) = 1. 

This completes the proof of Theorem 14.21 It remains to prove the above Lemmas. 

Proof of Lemma 14. Ill First, we have from ()4.43j) that Groo{D) is path connected, 
and in fact contractible. To show that a path of the asserted form exists we prove 
that Uoo{Hy) acts transitively on the index zero component of Gr^{D), with non- 
contractible stabilizer subgroup Uoo{W) x Uoo{W-^) at P G Gr^\D), ran (P) = W. 
(The global homogeneous structure on Gr^{D) is usually studied via the action of 
a restricted linear group [22j, with contractible stabilizer U{W) x [/(ly-*-), but our 
purposes on Gr\j{D) are better suited to the Uoo{Hy) subgroup action.) 

It is enough to give the path (lOill in GL^{Hy) = GL{Hy) n (/ + -^^{Hy)), 
the group of invertibles congruent to the identity. For Uoq{Hy) is a retraction of 
GLoo{Hy) via the phase map 

GL^{Hy) — >U^{Hy) , 5" — *Ug = g\g\~^, 

where \g\ := {g*gY^'^- Here 

(4.49) ^g*gf = l_j^t^g.g_^yl^^^ 

with 7 a contour surrounding sp((7*5'), is a smooth map C x GLoo{Hy) — * GLoo{Hy) 
(Lemma(7.10) ;23 ). It follows that if gr is a path in GL^{Hy) satisfying the prop- 
erties of Lemma 14.111 apart from unitarity, then Ug^ will be the path required. To 
see this, if P2 = gPig~^ with g G GLoo{Hy), then, since UgPiu~^ is a self-adjoint in- 
dempotent, to show P2 = UgPiU~^ we need only show ran {ugPiU~^) = ran (gPig^^). 
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This is equivalent to showing ran (|(yf|Pi|(7|^^) = ran (Pi), but gPig^^ = P2 = P2 = 
P2P2 imply ran (|5fpPi(|(yfp)~^) = ran (Pi), and the identity then follows from ()4.49p . 
To define the operators Qr G GLoo{Hy) we modify an argument of j4j §15. To 
begin with, choose e G (0, 1) and suppose ||Pi — P2II < £ < 1- Let 

gr = I + ^{P2-Pi)iPi-Pi^) , 0<r<e. 

Clearly, P25'e = QePi and since \\gr — /|| < 1 then Qr is invertible. Moreover, since 
Pi — P2 is smoothing, so is Qr — I and hence Qr G GLoo{Hy). Since Dp. ^ is invertible 
and invertibility is an open condition for continuous families of Fredholm operators, 
then by taking e smaller if necessary. Dp. ^ will be invertible for < r < e. Hence 
gr defines locally a path of the type required. Now GtcJ {D) is path connected and 
hence for arbitrary P, P E GrcJ{D) we can find a finite sequence Pi = P, . . . , Pm = 
P', in Groo (D) with ||Pj — Pi+i|| < £«, Ei G (0, 1), for i = 1, . . . ,m — 1, and a finite 
sequence of paths g^ in GLoo{Hy) with 

Pi < 9nPi9n < ^^+1 ^ G^^i^) ■ 

Finally, rescaling so that < Tj < 1 for each path, then g,. = gr^-i ■ ■ ■ 9ri is a path 
in GLoo{Hy) of the required form. This completes the proof. 

Proof of Lemma 14. 121 Since we consider the simultaneous action of f/00 on Pi, P2, 

we can 'gauge' transform the boundary variation to an order variation of A, and 
then appeal to Proposition 14.81 First, notice that the action 

{gr, Pi) I > grPigr^ = Pi,r 

induces a dual action on the adjoint boundary condition 

{gr.,Pt) ^ ~grPt~g;' = {grP^g;'y = Pi 



i,r ' 



where gr = agrcr ^. Moreover, with dr = { I _ ) , we have 

VO 9rJ 

and 

(4.50) g,d = agr . 

We can now transform the self-adjoint global boundary problem Ap to a unitary 

equivalent operator A(r)p with constant domain by the method of [331 I2H1- Let 

/ : [0, 1] -^ [0, 1] be a non-decreasing function with f{u) = 1 for u < 1/4 and 
f{u) = for u > 3/4. Then we extend gr and cjr to unitary transformations 

rj ^ idrfiu) on {u} XY CU ~ ^ \9rf{u) ou {u} xY = U 

''~ \ld on X\U ' *" ~ 1 /d on X\U 
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on L'^{X,E^) and L'^{X,E'^), respectively, and hence to a unitary transformation 

[Id on X\U 



r 1 



on L^{X,E^®E^). Then 

Ap^_^ and Air)pr.= iU;'AUr)p^ 

are unitarily equivalent. Moreover, it is easy to check that 

(4.51) A(r)p, = (A;)p^ , 

where A^ = U~^AUr = D*Dr and Dr is the Dirac-type operator D^ = U^^^DUr- 
Next, since P(A(r)^) = ^^^P(A^)^,., from the multiphcativity of det^ we obtain 

detp I S^^] = det, ^ ^''^^^'> 



where Sr,^,{Pi) = Pi o P(A(r)^) and Sr = dr^S'gv Hence from (piTI|) and (p3T]l 
(rf/rfr)logdetc(Ap,,„Ap, J = (d/dr) logdet(:((A,)p,, (A,)pJ . 

Finally, since ()4.5()j) holds, then A(r)|f7 has the form ()3.3()|) with A,- = 'g^^Ag^^, 
and since ^r differs from the identity by a smoothing operator then a{Ar) is inde- 
pendent of r. Hence we can apply Proposition 14.81 and the identity 

detp(^(P,,,)*5(P.,.)) = detp(5,(P,)*5,(P,)) , 

which is a consequence of P{Dr) = g~^P{D)gr, to complete the proof. 

Proof of Lemma 14.41 We have P(Aa) = 7/Ca, where ()3.2|) 

£a = rA-^^7*a : H'-^^^Y, E\y © E^y) -^ Ker(AA, s) C H\X, E' © E^) , 

and AxA is an invertible operator over the double manifold X with (AA,d)|x = Aa, 
7 = 71 © 72, r = ri © r2 with 7^ : H'{X, &) -^ H'-^/^{Y, E\y), r^ : H'{X, &) -^ 
H^{X^E^) the restriction operators, and a is defined in ()4.7|1 . 

Let Dd be the double operator of D, see for example |1]. Then Dd is invertible on 
the closed double manifold X with {Dd)\x = D, and hence 



A - I '' '^ 



is invertible on X with (AA,d)|x = Aa. We compute 

A 



,_( {Ad- \)-' D*,iAd - \)-' 



"•'^ \Dd{Ad-X)-' X{Ad-X)-' 

where A^ = D'^Dd, Ad = DdD*^, and hence that 

^ (nD*,{Ad - A)-Wi^ n{Ad - xrH^^"- 
Xr^CAd-Xy'^la nDdiAd - X)-'%a* 
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with cr* := —a~^. Setting A = we obtain 

and since D^ = Dp}j^s we reach the conclusion. 



5. An Application to Ordinary Differential Operators 

In dimension one we can do better. Because no basepoint is needed to define the 
Grassmannian it is possible to apply the method of Theorem 12.51 to obtain formulas 
for the ^-determinant of individual boundary problems, rather than just relative 
formulas. 

• First-order operators. We consider, as in §4, a first-order elliptic differential 
operator D : C°^{X;E) — > C°°(X;F), but where now X = [0,/3], /3 > 0, and 
E, F are Hermitian bundles of rank n. Relative to trivializations of E, F one has 
D = A{x)d/dx + B{x), where A{x),B{x) are complex n x n matrices and A{x) 
is invertible. The restriction map to the boundary Y = {0} U {/3} is the map 
7 : H'^{X;E) — > Eq © E^, with 7(?/^) = (^(0), V'l/?)), and so global boundary 
conditions for D are parameterized by the Grassmannian Gr{EQ © Ep) of the 2n- 
dimensional space of boundary 'fields'. For each P G Gr{EQ © Ep) we have a 
boundary problem Dp : dom(Dp) — > L^{X; E), where 

dom(Dp) = {ipe H\X; E) \ P-fiP = 0} 

= {iljeH\X;E)\ MiIj{0) + N'^{(3) = 0} 

and [M A^] G Hom(£'o © E^, Eq) are Stiefel coordinates for P, see (HH)^ . 

In dimension one, any element of Ker(D) has the form K{x)v for some v G 
Eq, where K{x) G Hoia^Eo, E^) is the parallel transport operator uniquely solving 
DK{x) = subject to K{0) = I. The isomorphism 7 : Ker(D) —>■ H{D) is clear, 
while H{D) = gTaph{K : Eq -^ Ep) C Eq ® Ep, where K := K(/3). 

Notice that P{D) G Grn{Eo © E13) and hence the component Grk{Eo © Ejs) of 
the Grassmannian with tr (P) = k is the component with operator index ind Dp = 
indiS(P) = n — k. The Poisson operator K-p, : EqQE^ — > C°°(X, E) is the operator 
ICpi{u){x) = K{x)poP{D)u, where po is the projection map Eq Q) Ep — > Eq. It is 
easy to check that Dp}j-^-.D = I — JCpj and hence that for invertible global boundary 
problems ()3.19|1 holds: 

(5.1) D-^ - Dpi = -1Cd{P,)P,^DpI . 

On the other hand, it is well known from elementary considerations that in Stiefel 
coordinates D~p^ has kernel 
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-K{x){{M + NK)-^NK)K{y)-^A{y)-^ x<y 

(5.2) kp{x,y) [ 

K{x){I -{M + NKy^NK)K{y)-^A{y)-^ x>y 

Hence, if Pi, P2 are represented by Stiefel coordinates [Mi A^i], [M2 N2], then the 
relative inverse Dp^ — Dp^ has the smooth kernel 

(5.3) -K{x) ((Ml + NiK)-'Ni - (M2 + N2K)~^N2) K.K{y)-^A{y)-^ , 

which can also be computed directly from ()5.1|) by using (jH.^Oj) with $(-R) : = 
Ii{S{P)). 

We assume that Dp is invertible with spectral cut Rg. For Re(s) > we can then 
define Dp'' = ^ J^j A^ "^ {Dp - A)"^ dX . Let kp^x{x, y) be the kernel of {Dp - A)"^ 
From ()5.2|) one has \mie^Q{kp,\{x, x + e) — kpx{x + e,x) = —A{x)~^, and hence for 
Re(s) > 1 the kernel Ps{x,y) = ^ J^ Xg'^ kpx{x,y) dX of Dp'' is continuous, and 
Dp'' is trace class. Moreover, if P(0) is the projection onto Eq, with Stiefel graph 
coordinates [/ 0], then from ()5.2|) we have Tr {DpL-.) = 0. For Re(s) > 1, 

(5.4) Ce{Dp,s) = Ce{Dp,Dp^Q),s), 
is therefore a relative (^-function. Hence 

Ce{Dp,s) = ^ f X-'Ti {{Dp- X)-'-{Dp^o)-X)-')dX 



/ A~' — logdet(M + A^irA)t/A 
Jc CA 



where Kx{x) is the solution operator for D — X. The second equality is a restatement 
of ()3.4H) . note deti? becomes the usual determinant here, and the third equality 
follows from ^Tf^ and Remark EUl (with [Mi Ni] = [M N], [M2 N2] = [I 0]). 
Alternatively, with JUx = M + NKx, one can compute directly from ()5.3|) 

Tr((Dp-A)-i-(Dp(o)-A)-i) 
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tr [Kx{x)M^^NKxKx{x)-^A{x)~^] dx 



tr 



d_ 
dX 



tr 



tr 



[D - X)Kx{x)M^^NKxKx{xy^A{xy^ dx 
(D - \)-^{K,ix))M-,'NKxK,ix)-'A{x)- 



dx 



d 



dx yKx{xr'^{K,{x))M-,'NK, 



dx 



(5.5) 



d 



-— -logdet Mx 
oX 



using Kx{x)~^A{xy^{D — X)Kx{x) = d/dx and the A derivative of {D — X)Kx{x) = 0. 

We now assume Dp defines an elliptic boundary problem in the sense of 
Then there is an asymptotic expansion as A ^ oo in a sector Kg 



(5.6) 



Tr((Dp-A)-i-(D 



A)- 



P(o)-Aj -j ~^6j(-A) ' . 

i=i 

More precisely, {Dp- — A)^^ is trace class and by ellipticity Tr {{Dp- — A)^^) ~ 
Yl'T=i aj{—X)^^~^ as A ^ oo, and so applying ()2.4|) to the relative trace and observing 
that the trace class condition on the relative resolvent implies terms (— A)~°^ log(— A) 
with aj < vanish, then ()5.6p follows. 

Thus Cg{Dp, -Dp(o), s) defines the meromorphic continuation of (g{Dp, s) to C via 
the resolvent trace expansion ()5.(ij) . and this is regular at s = 0. Hence we can define 
det(^^g{Dp). In dimension one the following stronger variant of Theorem 13.171 (§4.4) 
holds: 

Theorem 5.1. Let Dp be a first- order elliptic boundary problem over [0,(3] and let 
[M N] be Stiefel coordinates for P. Then 

(5.7) det^,e(Z^p) = det(M + NK) . e'LIML^ iogdct(M+7Vi^,) ^ 
Invariantly, one has 

(5.8) det..m.) = det [^1^1-] . ,-LIML.io.d.(,§-),^ 



det (D )-drf( ^^^^ \ -LIM:_iogdct( 
detc,,(/^p) - det ^-p^^^^p^J .e 



Proof. Immediate from ()5.4|) . ()5.5p . ()5.6|) and Proposition l2.9l with $(A) = logdetA^A) 
or from Theorem 12.51 with Sx replaced hj Aix- D 

• Operators of order > 2. There is a straightforward generalization of these 
formulas to differential operators D : C°^{X, E) — >• C°°(X, F) of order r > 2. With 
respect to trivializations of E, F 

D = J2Bk{x)fj: : C°°(X;n ^ C°°{X-X1 , 



fc=0 
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with complex matrix coefficients and detBr{x) ^ 0. The restriction map is 
(5.9) 7r-i : H'{X; E) ^ C™ © C" , 7r-i(^) = (^(0), ^(/3)) , 

where '4j{x) = {ipi^), . . . , tp^'^~^\x)) . The form of 7^-1 means that one can study 
boundary problems for D through the ffist-order system on C°°(X; C") 



(^■^'" ^ - i 



/ ... 

... 

... / 

-Br{x)-^BQ(X) -Brix)-^Bi{x) ... -Br{x)-^Br-l{x) 



This is well known jSJE]. D extends to a continuous map H^{X; C™) — ^ L'^{X; C™), 
and with respect to the inclusion t : H^{X; C") — > H^{X; C™), ip \^ ip, we have 
7r_i = 7 o i. More precisely, there is an isomorphism Ker(D) = Ker(D), for from 

(5.11) Dii;,...,^^''~'^) = {0,...,0,B;'Di;), 

a basis {ipi, . . . , ipk} for Ker(D) defines a basis {^i, . . . , ipk} for Ker(D). A solution 
of D is characterized by its parallel transport operator K{x), as before, the columns 
of which are a preferred basis for Ker(D). One has 

ran {P{D)) = graph(^ : C™ -^ C™) 

and 3 has Poisson operator £ : C™ © C"' -^ C°°(X; C™) defined by 

£(t;)(x) = ^(a;)poi^(A)t; . 

A global boundary condition for D is defined by a global boundary condition 
P e Gr(C™ © C™) for 3. That is 

dom(Dp) = {^ G H''{X; E) \ P^r-i^J = 0} 

= {tpe H'\X- E) I MV^(O) + iV^(/3) = 0} , 

where [M, A^] are Stiefel coordinates for P. 

The boundary problem Dp is modeled by the finite-rank operator on boundary 
data S{P) := PoP{3) : K{3) -^ ran (P). From (jKTT^ we have that Dp is invertible 
if and only if Dp is invertible, and in that case 

Dp^ = [3p%^r)B;^ : L2(X;C") -^ dom(Dp) . 

Here [-Dp"'^](i,r) means the integral operator J^ [k{x,y)](^i^r)'4'{y) dy where k{x,y) is 
the kernel of Dp^, and, as in [^, [T](i^r) is the n x n matrix in the (l,r)*^ position 
in an r X r block matrix T G End(C™). For Dp^.,Dp^ invertible, this leads to the 
formula 

(5.12) Dpi = Dpi - []CS{P,)-^Pi^3pl\,^r)B;' . 
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In Stiefel coordinates Dp^ has kernel 

r -[K{x){M-^NK)K{y)-%,r)Br{y)-' x<y 

(5.13) kp{x,y)=l 

[ [K{x){I - M-'NK)K{y)-%^r)Br{y)-' x > y, 

where M = M + NK. 

Since we are in dimension one, the resolvent of a differential operator of order 
r > 2 is trace class (as is evident from ()5.13j) ). Let Re be a spectral cut for Dp and 
let P now be a local elliptic boundary condition for D jSHj- Then Seeley proved |n21 
that as A ^ oo in Ae the resolvent trace has an asymptotic expansion 

oo 

(5.14) Tr((Dp-A)-^)~5^6,(-A)-^>-^ 

On the other hand, {D - A)p^ = [Dl^p\i.,.)B~^ with D^ = {d'^), with Kx{x) the 
parallel transport operator for Dx and A4x = M + NKx 



Tr((Dp-A)-^) = / tr 

Jo 



^{Dx)Kx{x)M^'NKxKx{x)-' 



dx 



= ---logdet A<A , 
oX 

This follows by the same argument as before, using the device 

tr([r(x)](i,,)) =tr(jr(x)) = -tr(^(5,)T(x)) , 

where J is the nxn block matrix with the identity in the (r, 1)*^ position and zeroes 
elsewhere. 

By Proposition 12.91 we therefore obtain the extension of Theorem 15.11 to higher 
order operators: 

Theorem 5.2. Let Dp be a local elliptic boundary problem of order r > 2 over [0,(3] 
and let [M N] be Stiefel coordinates for P G G'r(C™ © C™). Then 

(5.15) det^,e{Dp) = det{M + NK) . e-LIML^iogdct(M+^^,) ^ 

Invariantly, one has 

\ps(pm) 

where -P(O) is the projection to the first factor in C^" © C™. 
The formulas ()5.7|) and ()5.15|) were first proved in [T3] . 
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